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Fast Fourier Transform (FFT)

* FFT is a useful algorithm. Invented by signal processing researchers, widely
used 1n many areas.

The FFT is one of the truly
great computational
developments of this [20th]
century. It has changed the
face of science and engineering
so much that it is not an
exaggeration to say that life as
we Rnow it would be very
different without the FFI. -
Chartes van Loan /befze//
University) ey |




FFT for a simple problem: Polynomial Multiplication

ARX) =x*+3x+ 2, Bx)=2x*+1

Cx) = AX)'B(x)

We can just use the coetticients to represent polynomials
AX) =2+ 3x +x% 2 A=[2, 3, 1]
Bx)=1+2x*2>B=[1,0, 2]
Cx)=2+3x+5x2+6x>+2x* > C=12,3,5,0, 2]
Clk] is coefficient of B” degree term of polynomial C(x)

The complexity of the multiplication is O(n?), n is the degree of the polynomials
A(x) and B(x).



Polynomial Multiplication

* General Polynomial Multiplication:
A(X) = ag + a;x + a,x* + -+ + a,x"

B(x) = by + b;x + b,x? + -+ + b x"
2n

C(x) = A(X)B(X) = Z cxt = o+ CuX + Cpx2 4 -+ + Cpp X2
1=0

We only need to care about the coefficients



Can we do it faster?

Two different ways of polynomial representation:
n

* Coetticient Representation .
A(x) = z a;x’

1=0
* Point Representation

A polynomial of degree n can be uniquely represented by n + 1 points

E.g. 2 points determine a line; 3 points determine a parabola
A(X) A(X)




Polynomial Representation by Points

* (d+1) points uniquely define a degree d
polynomial

* The UNIQUE quadratic function that goes
through (-3,1), (-1,-1) and (1,3) is:
P(x) = 0.75x% + 2x + 0.25
* The UNIQUE cubic function that goes
through (-1,0), (0,1), (1,0), (2,1) 1s:

P(x)=—§x3 — x2 —§x+1




Polynomial Representation by Points

If you have n+1 points on the polynomial:

You can reconstruct coefficients of P(x) from n + 1 values {A(x), A(X{), «.....
A(x,) }, which requires O(n?) time using Lagrange Interpolation

-It is called a Value Representation of a polynomial.



A New Approach for Polynomial Multiplication

Evaluate A(x) and B(x) at x;,X,,...,X, then obtain the values of the resultant
polynomial, C(x) at the k points by:

° A(x) * B(xy) = C(xy)
Using the K points on the polynomial C to interpolate the polynomial.

A(X) =agtaxtax?+ ... +ax" | _________ . C(x) = A(X)B(x)

B(X)=bg+ bXx +box2+ ... + b x" “--------- » C(X) = Co+ CiX +CoX2+ ... + C X2

Evaluate at k points@ ﬁ Reconstruct C(X)
{A(X;), B(x;)} for all K points > {C(x;)} for all K points

Pointwise Multiplication: C(x;) = A(x;)B(x;)



Value-based polynomial Multiplication

A(x) = x% +2x + 1, B(x) = x* — 2x + 1, C(x) = AX)B(x)

Five points for x = {-2, -1, 0, 1, 2}, multiplication in value representation is only O(n)

L C(x) 4
(-2,9) (2,9)

A(X)




A New Approach for Polynomial Multiplication

Question 1: How many points do we need?

Question 2: What 1s the complexity?

A(X) =agtaxtax?+ ... +ax" | _________ ~.| C(x) = A(X)B(X)
B(X) — bo + b1X + b2X2 + ..+ ann e il C(X) = CO + CqX + C2X2 + .+ Cnxzn

valuate at k points
Evaluate at k poi t‘
{ {A(x;), B(x;)} for all K points }‘[ {C(x;)} for all K points }

Pointwise Multiplication: C(x;) = A(x;)B(x;)

Reconstruct C(x)




A New Approach for Polynomial Multiplication

Question 1: How many points do we need?

We need K = 2n + 1 points to reconstruct a polynomial of degree 2n.

Question 2: What 1s the complexity?

4
17

[A(x) = ag+ axX + a2+ ...+ ax } .......... -\[cxx) = A)B(x) }
' .+ ¢ x2n

B(x) = by+ byx +byx2+ ... + b x" C(X) =Cy+ CiX +CoX2+ ..

valuate at k points
Evaluate at k poi t‘
{ {A(x;), B(x;)} for all K points }‘{ {C(x;)} for all K points }

Pointwise Multiplication: C(x;) = A(x;)B(x;)

Reconstruct C(x)




A New Approach for Polynomial Multiplication

Question 1: How many points do we need?

We need K = 2n + 1 points to reconstruct a polynomial of degree 2n.

Question 2: What 1s the complexity?

Still O(n?) if no other smart ideas are introduced.

[A(x) = ag+ axX + a2+ ...+ ax } .......... -\[cxx) = A)B(x) }
.+ ¢ x2n

B(x) = by+ byx +byx2+ ... + b x" C(X) =Cy+ CiX +CoX2+ ..

4
17

Evaluate at k points O(nZ) O(nz)t Reconstruct C(x)
O(n)

{ {A(x;), B(x;)} for all K points }‘[ {C(x;)} for all K points }

Pointwise Multiplication: C(x;) = A(x;)B(x;)




Evaluation can be faster!

* Instead of considering a general polynomial, let’s look at some special ones:

P(x)
P(x) = x? (-3,9) (3,9)

The value of one point immediately implies
the value of another: P(x) = P(-x)

P-1)=P(1)=1 (-1,1),(1,1)
P(-2)=P(2)=4 (-2,4),(2,4)
P(-3)=P(3)=9 (-3,9), (3,9)

Evaluate 3 times, but you get 6

('2’4)

points on the polynomial !



Evaluation can be faster!

e Instead of considering a ogeneral polvnomial. let’s look at some special ones:
gag poly ; p

P(x)
P(x) = x3 (3,27)

The value of one point immediately implies
the value of another: P(x) = -P(-x)

P(-1)=-P(1)=-1 (-1,-1), (1,1)
P(-2)=-P(2)=-8 (-2,-8), (2,8)
P(-3)=-P(3)=-9 (-3,-27), (3,27)

In the above odd and even single term polynomials, We only need to evaluate half of the points
from which we immediately know the value of the respective negative points



Evaluation can be faster!

* Extend this idea to a more general polynomial:
P(x) =3x® + 4x° + 2x* —7x3 —8x? + 6x+ 1

° Evaluating at n pOiﬁtSZ ixl, iXZ ) wen wes , ixn /2 (they are positive/negative paired)
e Split P(x): P(x) = (3x° T o8x2 4+ 1)+ (4x° — 75 )
=|(3x° + 2x* — 8x* + D+ x|(4x* — 7x* + 6
Peven(X*) Poda(x?)

Pooon(x2) = 3(x2)3 + 2(x2)2 = 8(x2) + 1  Poqa(x?) = 4(x*)? = 7(x*) + 6

P(Xi) = Peven (Xlz) + XiPoaq (Xlz)
P(_xi) = Peven (Xlz) — XiPoda (Xlz)



Evaluation can be faster!

P(Xi) = Peven (Xlz) + X;Podd (Xlz)
P(_xi) = Peven (Xlz) — XiPoad (Xlz)

Peven(x2) = 3(x2)° + 2(x2)” - 8(x2) + 1 Poaa(x?) = 4(x3)* - 7(x?) + 6

e What are the degrees of Pay e, and Pygq? n/2!

* Now we only need to evaluate Py ap ana Pogq at n/2 points: : X%, X%, ...... , X,Z1 /2

to obtain the values for the n points: P(+x4 ), P(£Xx; ), ... ... , P(an/z)

Divide and Conquer??



How to make a O(NIlogN) recursive algorithm ?

Evaluation of an n degree polynomial P(x)
at points {+xy, +Xp, ..., £Xp/2}

A
/- N\
Evaluate Evaluate
Peven(XZ) =Po T+ pZXZ + o+ ppx” Podd(Xz) = p1X + p3X3 Tt pn—lxn_1
at points {x7,x3, ..., X5, 2} at points {x7,x3, ..., X5, 2}
A A
' N ' N\
?2??

??? Can we further split it to two smaller polynomials.
{XXq, X3, ..., Xy 2} @re + paired

{x1,X3, ...,Xy»} are NOT + paired !!




What kind of points are needed?

* A simple example: P(x) = —7x3—8x?*+6x+1

* We need degree + 1 = 4 points for this cubic polynomial, which are two pairs
of positive/negative points for P(X): x; , -X; , X, , -X,

X4 ~X4 X5 -Xy

P(Xi) = Peven (Xlz) + XiPodd (Xlz)

For the even and odd parts, we use: X12 X22



What kind of points are needed?

* A simple example: P(x) = —7x3—8x?*+6x+1

* We need degree + 1 = 4 points for this cubic polynomial, which are two pairs
of positive/negative points for P(X): x; , -X; , X, , -X,

X1 -X1 X2 -X2

P(Xi) = Peven (Xlz) + XiPodd (Xlz)

For the even and odd parts, we use:




What kind of points are needed?

* A simple example: P(x) = —7x3—8x?*+6x+1

* We need degree + 1 = 4 points for this cubic polynomial, which are two pairs
of positive/negative points for P(X): x; , -X; , X, , -X,

Xq =1 [-%q]|=-1 X, | ? X, | ?

P(Xi) = Peven (Xlz) + XiPodd (Xlz)

For the even and odd parts, we use:




We need something which is not a “real” number

* What x, should we choose so that when we square it, we get -17?

* Complex number!

i and -l

What we actually did here:
We solve the equation
x4 =1
It has four solutions.
They are the 4 roots of unity




General Solution

* If P(x) has a degtree 5, we need n > 6 points. Let n = 8 (powers of 2).

AL

The points are the 8t roots of unity X18=



General Solution

 If P(x) has a degree d, P(X) = pg + p1X + p2x° + - + ppx”

we use n > d+1 points, and n = 2k,

X1 | |=%Xq

What are the
roots from
this level?



Recall Complex Numbers

* A complex number is:
X = X.Re + i * x. Im (Re = real part, Im = imaginary part), i = vV—1 (i* = —1)

* Basic operations:

— Addition:
ce(a+b*xi)+(c+d*i)=(a+c)+(b+d) =i
— Subtraction:
e(a+bx*xi)—(c+d*i)=(a—c)+(b—4d) *i
— Multiplication
e(a+bx*i) * (c+d=i)=(ac—bd)+ (bc+ad) *i
— Exponential
o @AFD* — 0l y oD* — 0@ y (cosh + i *sinb) =e%*cosb + e®sinb * i



N roots of unity

Euler's formula states that for any real number 0 :

e'? = cos (0) +i * sin(0) (e is the base of the natural logarithm)

A Imaginary

The angle is 0 .
* The real part (x axis) is cos(8)

e'® = cos () +i = sin(0)

* The imaginary part (y axis) is sin(8)

* Increase 6 -> increase angle “
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Nth roots of unity

. cos2m * k) = 1,sin(Rr k) =0 -
Nt roots of unity: z"=1=14+i%0 (W5" |
Forn=16 — (ek*2m/n)n — plx2mi
= cos(k * 2m) + i sin(k * 2m)
=1

Each W¥ is
an N root of unity

Wk: ek-ZTti/n k = 0’1, = 1
We will evaluate P(x) at wW°, w?', w4,.. .., w1



Why does this group of points work?

Evaluate P(x)at w°, w?t, w2, ..., w1
They are + paired points!
W/ 2 =—wl - (W2, —W/) are + paired




Why does this group of points work?

P(Xi) - l)even (Xlz) + XiPodd (Xlz)
P(_Xi) = Peven (Xlz) — XiPodd (XIZ)

When we square the points:

We end up with these points

n/2 roots of unity: W°, w?, w*,




FFT

Fast Fourier Transform for Polynomial Evaluation

FFT

P(x) = po + p1X + pox” + - + pp_gX™”
Evaluate at (WO, W1, .., W™ 1}, where W = en

1

271

A recursive case is two calls of FFTs:

n-—2

Peven(xz) =Po Tt pzxz T+ o+ pPpX

Evaluate at points {W°, W2, ..., W2}

FFT

The base case: whenn=1, P(1)

n-—2

Podd(xz) =p1+ prz Tt Pp—1X
Evaluate at points{W° W?,.. W"2}

P(xk) = Peven(xlzc) + kaOdd(xlzc)

P(_xk) — Peven(xlzc) - kaodd(xlzc)
ke{01,.., (n/2—-1)}




FFT

Fast Fourier Transform for Polynomial Evaluation

FFT

P(x) = po + p1X + pox” + - + pp_gX™”
Evaluate at (WO, W1, .., W™ 1}, where W = en

1

271

A recursive case is two calls of FFTs:

n-—2

Peven(xz) =Po Tt pzxz T+ o+ pPpX

Evaluate at points {W°, W2, ..., W2}

FFT

The base case: whenn=1, P(1)

n-—2

Podd(xz) =p1+ prz Tt Pp—1X
Evaluate at points{W° W?,.. W"2}

| PWE) = Peyen (W) + WE Poqa(W?)
X = W5 | p(—Wk) = Py (W) — Wk P gq(W2K)
kef{0,1,..,(1n/2-1)




FFT

Fast Fourier Transform for Polynomial Evaluation

FFT

P(x) = po + p1X + pox” + - + pp_gX™”
Evaluate at (WO, W1, .., W™ 1}, where W = en

1

271

A recursive case is two calls of FFTs:

n-—2

Peven(xz) = Po t+ pzxz T+ o+ pPpX
Evaluate at points {W°, W2, ..., W2}

Ye = [Peven(WO): Peven(Wz): ]

FFT

The base case: whenn=1, P(1)

n-—2

Podd(xz) =p1+ p3x2 Tt Pp—1X
Evaluate at points{W° W?,.. W"2}

Yo = [Podd(WO): Podd(Wz)r ]

X = WK P(W¥) = yelk] + W¥y,[k]
P (W'”?) = Yelk] — W¥y,[k]
ke{01,..,(n/2-1))

Wtz = —wk




FFT

33

Fast Fourier Transform for Polynomial Evaluation

FFT

P(x) = po + p1X + pox” + - + pp_gX™”
Evaluate at (WO, W1, .., W™ 1}, where W = en

1

271

A recursive case is two calls of FFTs:

n-—2

Peven(xz) =Po Tt pzxz T+ o+ pPpX

Evaluate at points {W°, W2, ..., W2}

Ye = [Peven(WO): Peven(Wz): ]

FFT

The base case: whenn=1, P(1)

n-—2

Podd(xz) =p1+ p3x2 Tt Pp—1X
Evaluate at points{W° W?,.. W"2}

Yo = [Podd(WO): Podd(Wz)r ]

kY — k == m e |

X, = W¥ P(W 21— Velk] + W"y, k]  y.[k] = Peven(WZR) i

k+5 l |

wirt = e PWEZ) = el =WRylk ] yolk] = Poaa (W)
k (S {0, 1, e (n/2 — 1)} Change the denotation to

make the coding easier!

Output: y=[P(W?),P(WY), ..., P(IW™ )], where W = e™n

271




Fast Fourier Transform for Polynomial Evaluation

— 2 n-—1
function FFT (P) //P is a sequence of coefficients P(x) = Po +P1x +Pox” + -+ PpogX

21l

Evaluate at (WO, W1, .., W™ 1}, where W = en

n = length(P); //n needs to be a power of 2 —
it (n==1) The base case: whenn =1, P(1)

return P; // It means the polynomial only has p_0

Peven(xz) =p0+p2x2 + -+ ppx™ ‘

2mi FFT | Evaluate at points {(W°, W2, ..., Wn~2}

W=en; Ve = Peven W), Prverns (W), ..
Pe, Py = [P0, D2 - Pn—-2], [P1, D3, ) Pr—1] Poag(x2) = py + P3x® + -+ i 2
Ve, Vo = FFT(R,), FFT(P,); eer| Evaluate at points{W° w2, .., W"=2}
Array[n] y; Yo = [Poaa(W®), Poga(W?), ...]
for j from 0 to n/2: | P(W*) = y,[k] + Wy, [k]

ylil = yeljl + Wy,ljl; | p(w"+§) — y[k] = Wy, [k]

ylj +n/2] = yeljil = Wy,ljl; ke{01,..,(n/2-1)}
return y;

IOutput: y=[P(W%,P(W1), ..., P(W"1)] I




Fast Fourier Transform — 8 points example

 Example: 7 degree polynomial, 8 coefficients sequence, P(X) = pg + p1x + px? + =+ + pyx’

2Tmik 2mik
k — =
PVE) [ = poxe 3™ porxe 8 0 [T
2mik 2mik
+ xe 8 *1 e 8 *2 +
P1 |2 2k
B = Peven(W )
2Tmik 2Tl
+ Do *x e 8 *2 Py * € 8 *4 +
+ p3 *e 8 *3 De * € 8
= == = = == e e " T
Dy * € 8 | ZT;R*O H
: p1*e
+ ka*s | I
Ds * e 8 273](*2 |_|_
21ik : Ps*¢ I (Wzk)
S—
+ De * € 8 *6 I Zm'k*4 :+ odd
. ps xe 8
ka*7 | |
+ p7; xe 8 | 2mik I
2rik || pyxe 8 I
[ 1~



Fast Fourier Transform — 8 points example

* Consider even index, fork =0, ...,7

2Kk~ — 21k
Poyen (W=)= Po*x e 8 *0

21ik
*

py * e 8 2

2Tmik

Py * € 8 *4

2Tik
De *€ 8

*6

-+
-+

+

2mik

Can further divide into two 2-point FFT problem

poxe &0 | T
2mik
1 +
* eT*
p2 -
2Tmik
Pa * eT*z +
Zm'k*3
pe xe %

* To evaluate Peven(WZR); do FFT for polynomial [pg, P2, Pa, Ds |

2mik

— 8-point FFT evaluate at fe 8 L, k=0,1,2,..,7

2mik

> For even term, it is a 4-point FFT, evaluate at{e 4 }, k=0,1,2,3

How about odd term polynomial?
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FFT for Polynomial Multiplication

A(X) =agtaxtax?+ ... +ax" __________ . C(x) = A(X)B(x)

B(x) = by + byx +byx*+ ... + b x"  =--------- + C(X) = Cg+ CiX +CoX2+ ... + C X2

Evaluate at k points O(n /og n) ?7? t Reconstruct C(x)
O(n)

[ {A(x), B(x)} for all K points }‘

Pointwise Multiplication: C(x;) = A(x;)B(x;)

{ {C(x;)} for all K points }

How to generate the polynomial based on the values?



Interpolation (Value representation to Coefficients of P)

* Evaluation and interpolation are closely connected

* An alternative perspective of the evaluation of a polynomial P at n points:

P(Xg) = po + P1Xo + P2Xo” + =+ + Ppn_1Xo"

P(x1) = po + p1X1 + P2X1° + -+ ppogxy V7 P(xo) ] [ 1 x x5 v X0 Po T
» P |_| 1 % k2 .. x| m
.................. P B BT |

4 2ni
Here x, = Wk,W =emn

P(Xp) = Po + P1Xn-1 + P2Xn-1° + =+ + Pn—1Xn-1"




Interpolation (Value representation to Coefficients of P)

* Evaluation and interpolation are closely connected

* An alternative perspective of the evaluation of a polynomial P at n points:

P(Xg) = po + P1Xo + P2Xo” + =+ + Ppn_1Xo"

P(x1) = Po + P1X1 + Paxa2 + -+ o™t [ PWD) ] [1 1 1 1 1[ Po
» PWYH (_|11 W w2 wn-t D1
.................. _P(I/l;’ll‘ N 1 Wl ey W(n—.lu)(n—l)_ o

(This is Discrete Fourier Transform matrix (DFT))

P(xn) = Po + P1Xn-1 + P2Xn-1” + - + Pp_1Xn-1""" After substituting all the x,, = Wk, W = e




Interpolation (Value representation to Coefficients of P)

* Interpolation involves inversing the DFT matrix:

CPAWYY T 111 1 .. 1 17 Po ]
PaWwH [_11 W w2z .. wn-1 P1
pawnny) L1 wrt w2z we-De-n] [pay
P01 1 1 1 1 1 Pwo -
. 2 -1
Interpolation | P* [=|1 W we .. wr P(W?)
pu-i] L1 wrt w2een o peeneen| | pggeety

Inverse Matrix of DFT



Interpolation (Value representation to Coefficients of P)

* Interpolation involves inversing the DFT matrix:

11 1 . 1 171 1 1 1 1
1w w2 .. wn-t 1l owt w2 .. w-@D
1 wn1 wn-2 W(n—l)(n—l)_ 1 W—(n—l) W—Z(n—l) W—(n—l)(n—l)_
P01 1 1 1 1 1 Pwo -
. 2 -1
Interpolation | P* [=|1 W we .. wr P(W?)

poa] L1 wrt wre-v | weeneen| o pgyn-y

Inverse Matrix of DFT



Interpolation (Value representation to Coefficients of P)

. - 0N\ T - - -
Pawh [_[1 w w wn P1
. pawnb] 11wt w2en | weede-n||p,

FFT(por P, - pn—l)

* Interpolation [ Do ] 1 1 1 1 P(W°)
1 111 w? w-2 .. w-®D P(Wh
(Inverse FFT, from | .. [T n]..
|Pn—1. 1 w1 y-2m-1)  pp--1Dn-1) )

values to coeffs)
IFFT(P(W°), P(W'Y), ..., P(W™"1))

1 —2mi
Ifwelet W' =—e n , it will have the exactly same format as FFT!
n



Recap

Evaluation of an n degree polynomial P(x)
at points {£xy, X, ..., Xy /2 }

AN
- I

Evaluate Evaluate
Peven(XZ) = Po + pZXZ + ot ann Peven(Xz) = P1 + p3X2 + ot pn—lxn_
at points {x{,X3, ..., X, /,} at points {x{,x3, ..., X, /}

2

P(W¥) =P en (W) + WK P 5q(W2F)
P(—W¥) = P o, (W25) =Wk P 5q(W2F)
ke {0,1, ..., (n/2 — 1)}




