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3. ANALYSIS TECHNIQUES



Analysis Techniques
B

0 Apply node-voltage and mesh-current methods to
analyse an electric circuit of any configuration, as
long as it is linear and planar.

0 Apply the by-inspection methods to circuits that
satisfy certain conditions.

0 Use the source-superposition method to evaluate the
sensitivity of a circuit to the various sources in the
circuit.

0 Determine the Thevenin and Norton equivalent
circuits



Revision: Linear circuits
B

0 A linear circuit s a circuit of independent sources
and linear element.

0 A linear element: it is passive and exhibits a linear
i-v relationship.
0 Passive: it does not generate energy of its own, eg

a resistor.

0 Use Ohm’s law: v=i x R to show a few properties
of a linear circuit.



Properties of a linear circuit
N

1 Homogeneity: if i through R is increased by a factor
of K, so will v. Also known as the scaling property.

01 Superposition principle:

It current i} can give rise to voltage vy = Ri;, and another
current i» can give rise to voltage v = Ri>, then the
simultaneous presence of both currents gives rise to

v=R(i1 +12) = Rii + Ri =v; + v

so the output v due to two inputs (i1 and i2) is equal
to the sum of the two outputs (v1 and v2) when each
input is intfroduced separately.



Linear elements

N e —
0 Resistors, R

0 Capacitors, C

0 Inductors, L

. . d
A quick overview on C where i=c %’

dt
If we multiply both sides by a factor K, we get

ki=kc® —c Lk
T ar = Ca kY
Hence, increasing v by a factor K leads to an increase in i
by the same factor, which implies that the d /dt differentiation
operator has no bearing on the homogeneity property linking i
to v. The time derivative does not impact the additivity property
either.



Non-linear elements
S

0 Diodes,
0 Transistors,
0 Integrated circuits (IC)

The analysis techniques learnt here cannot be applied
directly to them;

But, it is often possible to convert into equivalent
circuits with linear elements and dependant sources.

(not covered in this course)



Node-Voltage Method

Solution Procedure: Node Voltage

Step 1: Identify all extraordinary nodes, select one of
them as a reference node (ground), and then assign node
voltages to the remaining (nex — 1) extraordinary nodes.

Step 2: At each of the (nex — 1) extraordinary nodes,
apply the form of KCL requiring the sum of all currents
leaving a node to be zero.

Step 3: Solve the (nex — 1) independent simultaneous KCL Template
equations to determine the unknown node voltages.
" Ry &It Vo I3 Ry V3
R WAA—— — A .
1'24
R lo
Vs

\

VWo—-Vi Vo=V WVp-—V;
+ + —Ip=0




Example: Node-Voltage Method
N

Node 1

OZ

b
/

Solution Procedure: Node Voltage

Step 1: Identify all extraordinary nodes, select one of
them as a reference node (ground), and then assign node
voltages to the remaining (nex — 1) extraordinary nodes.

/4 6 Re I8
—AAA - W ———= J\N‘;sof@ Step 2: At each of the (nex — 1) extraordinary nodes,
‘1 I &) apply the form of KCL requiring the sum of all currents
% R, Node 3 ! 7l, leaving a node to be zero.
Node 2 _ _
Step 3:  Solve the (nex — 1) independent simultaneous
Ry Rs % . :
" ’ equations to determine the unknown node voltages.
N 0
Node 2
, Vo, =V Vo, =V
_;_ =0 2" Iy + 23 ) (node 2),
R4 R
Node 1:
Node 3
[1"‘[2"‘[3:0 V3 VS_VQ
+1Ip=0 (node 3).
Rs Re
V1_|_V1—V0 Vi—W; 0 (node 1)
= nodae 1).
Ry Ry+ Rj3 R4



Example: Node-Voltage Method
I

1 1 1 | Vo b )%
(ot i) (k) :

Rl " Ry+Rs Ry R4 Ry + R3’ "‘15 191‘
(3.8a) Ry b vy R L4 e Ry I8
1 1 1 Vs — A ——— A AMA——3 ]
— (—) Vi+ (— + —) Vo — — =1y, (3.8b) Pl V2
Ra R: ' Re Re <r )
and :

1 1 1

_ (R—6) Vo + (R_S + R_6) Vs =—1p. (3.8¢) <+> v,

- -

— 1,=0

o apnVi +apnpVa +aizVs = b
Three equations in 3 unknowns:
Solve using Cramer’s rule, matrix — =e—— a» Vi +anVo 4+ anxVis = by
inversion, or MATLAB
az1Vi+axnVa +aVz = b3



Example: Node-Voltage method
N

0 Try it out yourself

Problem 3.3 Use nodal analysis to determine the current J; and amount of power
supplied by the voltage source in the circuit of Fig. P3.3.

' 1
—»

I
| I} AP
2
%

9A 260 40V

4 Q)

Figure P3.3: Circuit for Problem 3.3.




Solution: At node V', application of KCL gives
V ¥V V-40

-9+ —+—+—=0
L e
| R 40
Vi=4+-+=]|=94+—
(2+4+8) +8
7V—9-|—5
=
V=16V.
The current I 1s then given by
el B
4 4

To find the power supplied by the 40-V source, we need to first find the current J
flowing 1nfo 1ts positive termunal,

V—40 16—-40
I= =

= —3 A.
8 8

Hence,
P=VI=40x(-3)=-120W

(The munus sign confirms that the voltage source 1s a supplier of power.)



Supernode

A supernode is formed when a voltage source connects two
extraordinary nodes

R,
AAA
Quasi- Supernode 4 T _
Supcr"ﬂdc bbb bbb bbb l -(;-\-{, -------------- . B -:"j-lfl;]-c-r-]'!{-]f]}i-fi:- L
ST R4 L, V3 R4 N L
Ve VAV » @ < VWA ¢
20V<f> §R3 S ks C)mv SRy
Ry Vs
VA ® 1

........................
.............

o Less nodes to worry about, less work!

o Write KVL equation for supernode

o Write KCL equation for closed surface around supernode
o V1 =20V directly. Why?



KCL at Supernode: special note

1 Ji 1 1
-ql— V2 —3-— /\ <i V3 _6>— 411_ V2 V3 _»16
O O @ — = > —

Supernode 4 L1 +L+1I5+1,=0 (KCL)
+

vy : Vs

Vi—Vo =10V, (Auxiliary Eq.)

o Note that “internal” current (I3 and 14, because I3 = -14) in
supernode cancels, simplifying KCL expressions

o Takes care of unknown current in a voltage source



Supernode Attributes

(1) At a supernode, Kirchhoftf’s current law (KCL) can

(2)

(3)

(4)

be applied to the combination of the two nodes as if
they are a single node, but the two nodes retain their
own identities.

Kirchhoff’s voltage law (KVL) is used to express the
voltage difference between the two nodes in terms
of the voltage of the source between them. This
provides the supernode auxiliary equation.

If a supernode contains a resistor in parallel with the
voltage source, the resistor exercises no influence
on the currents and voltages in the other parts of the
circuit, and therefore, it may be ignored altogether.

For a quasi-supernode, the node-voltage of the non-
reference node 1s equal to the voltage magnitude of
the source.

=> This means, voltage
between nodes 4 and 5 is
specified by the 16 V sources,
regardless of the value of R6
(as long as R6 is not a short
circuit).



Example 3-3: Supernode
B

Supernode Solution:
. I8V P
20, L A /__+\ Va 4, Lh+L+6L+14= 0 Supernode

6 S () 2= - P

2 - 8

which may be simplified to
Determine: V1 and V2 6V, + V, =32.
Additionally, the supernode KVL equation is
Vo — Vi =18.
Simultaneous solution of the two equations yields

Vi=12V, Vo =20V.



Mesh-Current Method

Ry ﬁ, ﬁ, f/%f Solution Procedure: Mesh Current

Step 1: Identify all meshes and assign each of them an

1y
v+ 7 l’ I unknown mesh current. For convenience, define the mesh
O\ - ! %R3 2 currents to be clockwise in direction.
Step 2: Apply kirchhoff’s voltage law (KVL) to each
mesh.

Step 3: Solve the resultant simultaneous equations to
determine the mesh currents.

—Vo+ LR+ —L)R; =0 (mesh 1)

([h — )Ry + LR, =0 (mesh 2)

(Ri +R3)1 — LRy =V (mesh 1)

Two equations in 2 unknowns:

Solve using Cramer’s rule, matrix =2
inversion, or MATLAB —R3I1 + (R + R3)[, =0 (mesh 2)



Example 3-5: Mesh Analysis

I. =4V,

AN
N Step 1: Identify all meshes and assign each of them an
q unknown mesh current. For convenience, define the mesh
1 Q

currents to be clockwise in direction.

Solution Procedure: Mesh Current

1 Q

Step 2: Apply kirchhoff’s voltage law (KVL) to each

A% VWA
n mesh.
+
/ Ji i i
10 VCP q V_lgz Q q %3 Q Step 3: Solve the resultant simultaneous equations to

determine the mesh currents.

But Vy =2(11 — D).

— 2], — Ix = 10. Mesh 1
(14+2)11 =21, — I3 =10, Mes I, = —14 A, L =-10A.

Hence
25+ 2+ 1+4+3), — 13 =0. Mesh?2 —5I1 4+ 61, = 10,

—101; + 141, = 0. I, =81 — I)

Iy =1, =4V. Mesh 3 = 8(—14 + 10)
= —32A.




Supermesh
—

A supermesh results when two meshes have a current

source( with or w/o a series resistor) in common

Ry Supermesh R
VAN - _u_p_ i — ? VWA

R, R>
'oRD W@ (1) e
R5 RS
o 10 removed and replaced by dash line;

-------

VWA
I'--
=
S
\D
~-------------- ]

WA
oy

R R B

s = - - -

VA
\.) \D
W
=

$

WA
&

Supermesh,’

----------------

remember that In=01h—-1 (auxiliary eq.).
(R + Ry + Rs)I) — Rolh, — Rsls = V) Mesh 1
—(R2+ Rs)I} + (R2+ R3)[2 + (Rs + Rg)ls =0  supermesh

These 3 equations are enough to solve for three mesh currents.



Example 3-6: Supermesh

()

(a) Original circuit

(104+2+4)1y — 21, — 415 = 6,
2L +24+2+2)[—21, =0,
—4h - 2L +413+ 2+ 4)14 = 0.

[y — I3 = 3.

Supermesh Auxiliary Equation

2Q
G) A ey
wO TN )

------

Supermesh

(b) Meshes 3 and 4 constitute a supermesh

Mesh 1 Solution gives: I, =0,
Mesh 2 I = %A.

12
SuperMesh 3 /4 I — - A



Nodal versus Mesh
S

When do you use one vs. the other?

0 Nodal Analysis

0 Node Voltages (voltage difference between each node
and ground reference) are UNKNOWNS

O KCL Equations at Each UNKNOWN Node Constrain
Solutions (N KCL equations for N Node Voltages)

O Mesh Analysis

O “Mesh Currents” Flowing in Each Mesh Loop are
UNKNOWNS

O KVL Equations for Each Mesh Loop Constrain Solutions
(M KVL equations for M Mesh Loops)

Count nodes, meshes, look for supernode /supermesh



Linearity
I

A circuit is linear if output is proportional to input

0 A function f(x) is linear if flax) = af(x)

0 All circuit elements will be assumed to be linear
or can be modeled by linear equivalent circuits
O Resistors V = IR
O Linearly Dependent Sources
o Capacitors

0 Inductors

We will examine theorems and principles that apply to
linear circuits to simplify analysis



Superposition
B

If a circuit contains more than one independent source, the
voltage (or current) response of any element in the circuit
1s equal to the algebraic sum of the individual responses
associated with the individual independent sources, as if

each had been acting alone.

Superposition breaks apart
the examination of one
complex circuit in place of
several simpler circuits



Superposition: solution procedure
B

Step 1: Set all independent sources equal to zero (by
replacing voltage sources with short circuits and current
sources with open circuits), except for source 1.

Step 2: Apply node-voltage, mesh-current, or any other
convenient analysis techniques to solve for the response v,
due to source 1.

Step 3: Repeat the process for sources 2 through n,
calculating in each case the response due to that one
source acting alone.

Step 4: Add up all the voltages, v, to v..

Alternatively, the procedure can be used to find currents i,
to i and then add them up to find the total current.



Example 3-9: Superposition
=

<1>10=6A 3}31:59 V0=45V<"_'>

Contribution from alone [ \ Contribution from V|, alone
I _
L Ry=100Q 2y, Rr=10
A, R
VWA

Q

AA%

C)IO:M §R1:5Q §R1=SQ Vo=45V




Cell Phone

RF = Radio Frequency
IF = lmermedialfs Frequency H}'mfm [nterface, ™| Microprocessor (Speech,
LO = Local Oscillator RF Power Dialing, Memory Control video, data)
Mixer = Frequency Up- or N ower | Battery Power Control [ m Out
Down-Converter mI-) _________________ e l___________‘f _______ N A
RF Filter |} - ' E ¥ E Y
Transmit Path ; Mixer i I Amp i :
\ — % : ‘ ® e ‘ - = Modulator |- :
: ' % - :
Antenna ' ' i | D/A and A/D
: LO E : i E @_1_ E Converters
Received Signal ; ! E i LO and
/\\/\_._ ' i1 IF Amp ' Y ' Filters
: ' ' - :
f . . ' RF Low Mixer ! : ; ¥ ;
e Sional Diplexer/Filter | & : [F Filter 1} 3 :
Transmitted Signal “'P NoiseAmp 4+ o db o
Receive Path
| | | | | | | |
Antenna and RF Front-End IF Block Back-End Baseband

Propagation

Today’s systems are complex. We use a block
diagram approach to represent circuit sections.



Equivalent Circuit Representation
—

0 Fortunately, many circuits are linear

0 Simple equivalent circuits may be used to represent
complex circuits

i I i I

| L i

: | P -

i 1 9 RF :

I ' ! : low-noise i

1 L ! L ) T

: : I = amplifier L+

: u5<t> i Din i | ! Mixer
: ! ! Loyt =t i Vout Zy input
1 1 I 1

i = i

I i R I

1 1

| L :

impedance

Load equivalent

Amplifier circuit A
circuit



Thévenin’s Theorem
]

Linear two-terminal circuit

o

can be replaced by an _=J|_~—|_
. . . Actual —
equivalent circuit clreult oc 4-{O9@
composed of a voltage 0+ -
source and a series resistor (a) Measuring v, onactual circuit
UTh = Voc
voltage across output with no R, a
load (open circuit) + ‘ —
UTh OTh Lo pe
RTh - Rm g-—d —

Resistance at terminals with all

(b) Measuring vy, of equivalent circuit
independent circuit sources set to zero



Norton’s Theorem

Linear two-terminal circuit can
be replaced by an equivalent Thévenin and Norton Equivalency
circuit composed of a current Rn
. WA oa
source and parallel resistor Thévenin
equivalent YTh
circuit
. UTh
iN = — ob
Rth
Current through output with t
short circuit
. O da
Norton equivalent
circuit e R
. I
RN — RTh IN = VTh /RTh \I() % N
3 3 3 RN - RTh
Resistance at terminals with all 0 b

circuit sources set to zero



How Do We Find Thévenin/Norton

Equivalent Circuits ¢
-—

0 Method 1: Open circuit/Short circuit  Qpen-Circuit / Short-Circuit Method

1. Analyze circuit to find Voe a
. O~
2. Analyze circuit to find Ise Actual + |_ —
circuit voc + 0] | VOUS
UTh = Voc O —
b
UTh (a) vh = Vg
Rth = —
Isc :
O _"fsi:
. . . Actual ?‘ J
Note: This method is applicable to circuit ® ¢ e~ Amps
any circuit, whether or not it o

contains dependent sources. (b) R1hy = Vo /isc




Example 3-11: Thévenin Equivalent

6 Q) 20 a /
w —s w5
‘]SC
24V 3129 7A ERL 24v<+) 3129 CDM
(a) Original circuit =
‘ (c) Replacing Ry with short circuit
vi—-24 V! |74
6Q Ve 20 a - +=+74+==0 = V.=-4V,
VWA —MW—0 6 12 2
- |74 4
ISC e 7(" e _E e —2 A
24V s120 CD7A Voe = Vrn
VTh —12
RT]’] = = = 6 Q
5 I 2
_— b Rh=6Q a
(b) Replacing Ry with open circuit . - fIL
V,—24 V, m=12v(%) SR
—+7=0
6 + 12 +
VTh =—12V b

(d) Thévenin equivalent circuit



How Do We Find Thévenin/Norton

Equivalent Circuits?
-—

Method 2: Equivalent Resistance —0
+

1. Analyze circuit to find either Circuit Poe
—O0

2. Deactivate all independent sources by
replacing voltage sources with short (@) vip = Vv

o . ocC
circuits and current sources with open

circuits.
3. Simplify circuit to find equivalent Equivalent-Resistance Method
resistance
Note: This method does not Circuit with
. . . all independent - ch = Rty
apply to circuits that contain sources deactivated
. .

dependent sources.




Example 3-12: R,

Replace with SC o~ =

16 V

(Circuit has no dependent sources)

25 Q
o).
300
350
o b
O a
R, =20Q

o b




How Do We Find Thévenin/Norton
Equivalent Circuits?
N

Method 3:

External-Source Method
By |

Circuit with only © .

independent <+> Vex

sources deactivated

O

Figure 3-22: If a circuit contains both dependent and independent
sources, RTp can be determined by (a) deactivating independent
sources (only), (b) adding an external source vex, and then (c¢) solving
the circuit to determine iex. The solution 1S R, = vex/ lex.



Example 3-13

Find the Thévenin equivalent circuit at terminals (a, b) for
the circuit

Solution:
The equations for mesh currents /1 and /> in Fig. 3-23(a) are
given by
—68 4611 +2(11 — h)+41, =0
and

451, +2(, — )+ 61, + 41, = 0.

Recognizing that I, = I>, solution of these two simultaneous
equations leads to

6 Q 6 Q a
I = 8A, W Y o
I,
and 20 §4Q

L =2A. 68 VCJ_FD /D /1-2) Vab=V1n
+

The Thévenin voltage 1s V,;;,. Hence, 4y
VTh = Vab g
=4/, (a) Solving for Vp,

=8V.



Example 3-13 (cont.)

To find Rt

61 +2(I] — 1) + 41, =0,
—41 +2(15 = 1)) + 61, +4(1, — 15) =0,

415 = 15) + Ve = 0.

After replacing I, with I and solving the three simultaneous
equations, we obtain

d I3 Voo
I’; = _g Vex
- 9
and
I = v Vey -
- 36
For the equivalent circuit shown in Fig. 3-23(c),
Vex
Rth = I
In terms of our solution, /ey = —Ié. Hence,
Rty = —%
3
_ 36

17

6 Q) 6 Q a
Y W —]lex
Iy
20 340
Ii 1 @ C) Vex
upIs
b
(b) Solving for /.
a
O IIE.\'
RThg Vex
b

(c) Equivalent circuit for calculating Ry,



Cascaded system:
Repeated application of
Thevenin equivalence

ST e | d r=====————==— | C == m———— 1 € Pmmm e ——————
[ VAA —0— —0— i—0 = —
E R,=10Q | | b : ! LT- 'Y )
Vs 10V . | Ran3100Q0 | Rump$100 Q; i _
: P ! | el
:. Source block _E b E Fan block i d E Lamp block E f i DVM block i
(a) Total circuit
== mmmmmmmmm—m— e | @ pmm=—=——me- : Rg=9.09Q ¢
! VWA L0 —0 o
: Ry=10Q2 I L+
1 Vs 1oV L Rean $100Q0 Vo wai- Vo 100V
1 1 ! I
i —o— —0 0
f Source block _! b I Fan block L d d
(b) Thévenin equivalent of source/fan combination
9.09Q e Ref =833Q ¢
VWA O _?_ A'AA 0
Ved 100V p R[amp 100 Q Ver i ng 901.67V
o o )
Thévenin equivalent Thévenin equivalent of
of source/fan combination source/fan/lamp combination
(c) Thévenin equivalent of first three blocks
Rh=833Q ¢
jrd DVM
VT]] =91.67V VDVM 2 MQ
f

(d) Final equivalent circuit

Figure 3-29: Repeated application of Thévenin-equivalent circuit technique.



Power Transfer
N

In many situations, we want to _—
Active +v Passive
maximize power transfer to the load | circuit . circuit
b
U2 RL Input circuit Load circuit
pL — iLUL — . (a) Source and load circuits
(Rs + RL)2
RS a I_L._
AA% O
_|_
L Vg VL gRL
pr (max) . Maximum power g

when R; = Rq

(b) Replacing source and load circuits with
their Thévenin equivalents

- RL pL(max) = Hiti — v
s (R + RL)? 4Ry




BJT: Our First 3 Terminal Devicel

C npn ¢

C
pnp Conducting
i - connector

p \ i
BO—f n B Bo—{ p
p \ i
|
T‘Conductlng . [E‘v |
connector
E
Conﬁguratmn Schematic Symbol Configuration Schematic symbol

1 Active device with dc sources

0 Allows for input/output, gain/amplification, etc



BJT Equivalent Circuit

C
O
Rg B B ijc i
VWM—O—— Rc
+ N Ve
VBB = Vee
S
E
(a) Transistor circuit
Rg B E__ C
vW—-=0 (o, 2
Ic
+ + J ch Looks like a current amplifier
VB —= VB — <, Bl 4 Vce with gain B
Vee _|_
o o

(b) Equivalent circuit



Digital Inverter With BJTs
—

O
+
R =20 kQ I/ In Out
(o AR Rczleg y BJT Rules:
: + " | |Vout cannot exceed Vcc=5V 0 1
N ez | \Vin cannot be negative : 0
o O
(a) Inverter circuit O .
utput high
Vou (V) 0P IS " Out
Rg=20kQ B lc S Input low
O AN ——— —— o —\
+ +
1 kQ '
T 41 Inverter response
Vin 0.7V —=— <l>20013 N Vout e v P
5V 31
~ - - !
O O 1
(b) Equivalent circuit 2+ ;
1
;o V07 1 4 E Output low
B=—= ——F7=+ > R 1 H
203 Vour = Ve — ﬁR_C (Vin — 0.7) i InpUT hlgh
Ic = BlIg = 20013, B . : : : | Vin (V)
=12-10Viy (V). 00712 2 3 4 5

Vour = Vec — IcRe. (C) Vout VErsus Vin



Summary
N

Chapter 3 Relationships

Node-voltage method Mesh analysis by inspection RI =YV,
> of all current leaving a node = 0
[current entering a node is (—)] Thévenin equivalent circuit v = v

RTh = voc/ isc
Mesh-current method

> of all voltages around a loop = 0 Norton equivalent circuit IN = isc
[passive sign convention applied to RN = Rtpy
mesh currents in clockwise direction]
Maximum power transfer Ry = R,
Nodal analysis by inspection GV =1, Usz
P (max) =

4Ry
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