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Previously, we have learnt...

0 Scaling, additivity and time-invariance properties
of LTIl systems

01 Discuss impulse responses — physically and
mathematically — how to compute it.

Today, we will look at:

0 Convolution — derivation, properties and
computation.

0 Causality and stability of LTI.

0 Response to sinusoid or complex exponential signal.



Convolution

» The response y(r) of an LTI system with impulse
response /(1) to any input x (1) can be computed explicitly
using the convolution integral

y(t) = f x(t)h(t —1)dt = h(t) * x(1).
(convolution integral) (2.30)

All initial conditions must be zero. «




Convolution
B

(a) 7 1s adummy variable of integration.

(b) h(t — 1) 1s obtained [rom the impulse response i(t) by (1)
replacing ¢ with the variable of integration t, (2) reversing
h(t) along the t axis to obtain i(—7), and (3) delaying
h(—t) by time ¢ to obtain h(t — 1) = h(—(t —1)).

(¢) As will be demonstrated later in this section, convolution
1s commutative; we can interchange x and /i in Eq. (2.30).

According to the convolution property represented by
Eq. (2.30), once A(t) ol an LTI system has been delermined,
the system’s response can be readily evaluated for any specified
input excitation x (1) by performing the convolution integration.
The integration may be carried out analytically, graphically, or
numerically—all depending on the formats of x(¢) and A(z).
Multiple examples are provided in the latter part of this section.



Derivation of Convolution (5 steps)

a)
b)
)

d)

LTI System with Zero Initial Conditions

5(1)

5(r — 1)

x(1) 8(t — 1)
fx(r) 5(t— 1) dt
x(1)

-

LTI

\

LTI

LTI

LTI

LTI

-

y(t) = h(1)
y(t)=h(t—1)

y(t) =x(7) h(t — 1)

oo

y(t) = f x(t) h(t — 1) dr

—0o0

oo

y(t) = f x(t) h(t — ) dt

—O0



5 steps of Convolution
—

Make use of definition of impulse response and the
properties of LTl systems:

a) Here we use the definition of impulse response

3(r) = LTI\ - y(1) = h(t)

b) Make use of time invariance property of LTl system:

delay of input and output

S(t —1) ™= LTI\ wp- ()= hi(t —1)




5 Steps of Convolution

c) Make use of scaling property of LTl systems: input

and output scaled by an amplitude

x(r)d(r—1) =

LTI\ - y(f)=x(t) hit — 1)

d) An impulsive excitation at 7] for input will generate

corresponding output.

x(1)) 6(t — 1)) i | T] \-*x(m) hit—11).
Similarly, if 72 will give

X(1) 6(f —1p) vy | [ T[ |ws y(77) h(t—12).



5 Steps of Convolution

If the LTI system is excited by both T “and T at the
same time, the additivity property or LTIl assures that

the output will be equal the sum of both outputs.
For a continuous-time input extending over _~c « 7 < .

the input and output become definite integrals:

/ x(o)dé(t — 1) dr
}
LTI
\

o0

f x(t) h(t — 1) dr.




5 Steps of Convolution

]
e) From the sampling property of impulses, we have
00
f x(t)o(t —t)dt = x(1).
—00

o0

Therefore, x(p) w—p- | T[] |w— () — f x(t) h(t—1)dr.

—

As a shorthand notation, the convolution integral 1s represented
by an asterisk *, so output y(r) is expressed as

o0

¥(8) = x(t) % h(t) = fx(r}h(r—r) it

—Q



1 Convolution is Commutative:

x(t) % h(t) = h(t) * x(t)
S e

0 For Causal Signals and Systems

4

v(t) = u(t) /x(r) h(t — 1) dt

0
f

= u(t) /x(t — 1) h(7) dr.
0

(causal signals and systems)



Computing Convolutional Integrals
N

(a)analytically, by performing the integration to obtain an
expression for y(t), and then evaluating y(t) as a function of
time,

(b)Graphically, by simulating the integration using plots of the
waveforms of x(t) and h(t),

(c) Analytically with simplification, by taking advantage of the
expedient conclusion properties discussed later, to simplify
the integration algebra,

(d)Numerically on a digital computer.

Method (a) is straightforward but algebra is tedious.

Method (b) allows visualisation but is slow.



Example: Response of Circuit with RC=1s to

Triangular Pulse

Solution:

The input signal, measured in volts, is given by

Uin (1) = |

fort <0,
forO <t <15,
forl <t < 2s,
fort = 2s,

and according to Eq. (2.17), the impulse response for t. = 11is

hr) = b e % y(r)

Tc

=e T u(t).

with

hit—1)=e Dyt —1) = {

Vin(?)
IVT Vin(0) 0
+
Uin C == Vout
o o
} \ - > 7 (s)
0 1 2 3
(a) Triangular pulse
Uout (1) = Uin (1) * h(r)
t
= f uin(t) h(t — 1) dt
0
0 fort <,

e~ =0 fort > T,



(t<0:

The lowest value that the integration variable T can assume
is zero. Therefore, when ¢t <0, <t and h(t — 1) = 0.

Consequently,

(2)0<r=<ls:

h(t — 1) = e 77, (1) =1,

and

t
Uout (1) :f‘re_("_r]I dt
0

—e ' 4t —1, forO0 <t < 1s.

3)1s<t=<2s:

T forO<t <1s,
Uin(T) =
2—1 forls<t<2s,

and

! t
Uout (1) = f te "7 dr + f(z —1)e ) dr
0 1
1

—2e)e " —t+3,

forls<t <2s.

4)yt>2s:

1 2
Uout (1) = f e U0 dr + f(Z —1)e U0 de
0 1
=(1—2e+e2)et  fort>2s.
in(?)
IV inl) — _,\RM:L_
Uin + C ltwt
R

—_— ! — £(8)

(a) Triangular pulse

Vout(?)
!

y
051 V+
Vout(?)

— /()

01 2 3 4
(b) Output response



Graphical Convolution Technique

g Step 1:  On the r-axis, display x(7) and h(—7) with the p— 8
latter being a folded 1image of (7 ) about the vertical axis.

Step 2:  Shift 2(—17) to the right by a small increment ¢
to obtain h(t — t) = h(—(t — t)).

Step 3:  Determine the product of x(t) and ~2(r — ) and
integrate 1t over the r-domain fromr = 0to T = 7 to get
v(t). The integration is equal to the area overlapped by
the two functions.

Step4: Repeatsteps 2 and 3 foreach of many successive
values of 7 to generate the complete response y(7).



Example: RC circuit with rectangular

ulse
-—

0.5 MQ
O VA 0+
1V
vin(?) = | | | 7] Slp— Vout(?)
0 ls
O o

(a) RC lowpass filter

Solution: The time constant of the RC circuit is 7. = RC =
(0.5 x 10%) x 107% = 0.5 s. In view of Eq. (2.17), the impulse
response of the circuit 1s

h(t) = b u(t) =2e > u(t). (2.53)

Tc



.1
Example: RC Circuit s\ = 22wt
° 11— Din(t)
Excited by a Pulse 5 |
I 0 |
t(s
0 05 1 1.5 2 ®
(@)
Overlap area = vy, (0.5)
t, 5 05
vout(0) = overlap area =0 /0 oin(7) #(0.5-7) dr
1.5 1.5
(o) - / 2" 205-7) gy
| [ — 0
h(—17) = 0.63
0.5 - 0735
h(0.5-7) v (z)
-2 05 -1 05 O 05 1 1.5 ‘ -1.5 -1 -0.5 (I) OiS 1 1.5 g
05s
(b) Convolution @ t=0 (c) Convolution @ =05 s
vout(2) = overlap area
l)out = overlap area / e A2-17)
2 1 (1 2
/Ze =) gz =0.11
1.5 0 1.5
1 Dm = 0.86 | vin(z) h(2- 1)
0.5 0.5 \
h(l-17)
| . | —
-1 =05 (I) 0.5 1I 1.5 -1 =05 (I) 0.5 l L.5 %
ls 2s

(d) Convolution @ t=1s

(e) Convolution @ t=2s




Example: RC Circuit
Excited by a Pulse

1.0

(b) Output response



Example:

]
1 Convolution of h(r) (1)
1 cycle of 1 14
square wave ; 0/\
with Triangle o 112 0o 1 5
1} _]

(a) x(¢) and h(r)
h(—1) | t ~h(l-17)

LA AN
U & T & 0 ¥ T

2 d1 |01 2 2 4 |01 2
It y0)=o0 L yy=0s

(b) t=0 (c) t=1s



Example:

]
\ h(1.5—-1) \ h(2—-1)
Negative 1} Positive 14 4
area area x(7)
0] :r(r)r 0 .
=2 =11 1911 2 0 h 2
e 1 s B
A e e ] 2 =
WLH=g-g=% »2)=0

(d)y t=15s (e) t=12s







Convolution Properties

.
1 Commutative Y0 = h(0)*xx(@) = x(1) * h(1).

Its validity can be demonstrated by changing variables from -
to ' =t — 7 in the convolution integral:

[ 8]

y(t) = h(t) *x(t) = / hit) x(t —1)dt

—

= fh(r—r’) x(t)) (—=d1)

oo

= f x(t) h(t — ") dt' = x(t) = h(1).

—0

It x(r) —S h(t) m— (1),

then h(r) === | x(¢) | == (7).




Convolution Properties
N

0 Associative y(t) = [g(t) * h(t)] % x(t) = g(t) % [h(t) % x(1)].

Systems Connected In-Series

x(f) wmp | 11((1)| mmp | 113(1) | e (£

x(f) w—gp N((0) * hy(1)| (1)



Convolution Properties

]
1 Distributive h(t) * [x1(8) + x2(t) + -+ -+ xn ()] =
Systems Connected In-Parallel h(t) % x1(8) + h(t) = x2(t) + - -« + h(t) * xpn(1).
hl(t)j
x(7) —E: (1) ey (- - ()
= A

X(f) wp- | () + ho(t) + -+ hp(f) | — (1)
In combination, the associative and distributive properties
state that for LTI systems:

(1) Systems 1in series: Impulse responses convolved.
(2) Systems in parallel: Impulse responses added.




Convolution Properties

]
0 Time Shift property

h(t —T)) *x(t —Tp) = y(t —T1 — 17)
(time-shift property)



Example:

1* (1) 1{ e
TR e

(a) Original pulses

NEL NE
—— et 1 () —— et 1 (8)
0O 1 2 3 4 5 0 1 2 3 4 5
(b) Pulses shifted to start at7=0
1% %0 1* 0
: pt— £ () i —t—— £ (8)

0 1 2 3 45 01 2 3 45 6 7
(c) Convolution of x}(#) with x5(?) (d) y'(9) delayed by 4 s gives y(?)



Convolution Properties
N

0 Convolution with an Impulse

Convolution of a signal x(#) with an impulse functioné(t — 7T')
simply delays x(¢) by T':

x(t)*d(t—T) = fx(r) S(t—T—1)dTt
— x(t —T). (2.74)

The result follows from the sampling property of the impulse
function given by Eq. (1.29), namely that 6(r — T — ) 1s zero
exceptatt =1 —1T.



Convolution Properties

S
0 Width Property

» When a function of time width 7 1s convolved with
another of time width 7>, the width of the resultant
function is (7] + T3>), regardless of the shapes of the two

functions. =

(see example of time-shift property)



Convolution Properties

S
01 Area property

» The area under the convolution y(t) of two functions
x(t) and h(t) 1s the product of the areas under the
individual functions. «




Convolution Properties
N

0 Convolution with a Step Function

o0

x(f) *u(r) = f x(t)u(t —1)dr

—

[

= f x(7) dr,

— 0

(ideal integrator)



Convolution Properties
N

0 Differentiation and Integration Properties

-‘erm_l ) d"h _dm—}—r:y
dt™ dt" ] dpmtn

I [

fy(r)di.*:x(t)* fh(r)a'r

-0 [ — X —

r

f x(r)dt | *h(1).

—ix0




Table 2-1: Convolution properties.

Convolution Integral

e Causal Systems:

oo

vi(t) = hit) *x(t) = f hit)x(t — 1) dr

—

Replace lower limit with 0

Property Description

1. Commutaftive x(t)* hi(t) = hit) + x(t)

2. Associative [e(t) # hit)] = x(t) = g(t) * [h{t) * x(1)]

3. Distributive x(tyx[hy()+---+hyt)]=x(@)xh(t) + -+ x(t) % hy(t)
4. Causal * Causal = Causal

tn

. Time-shift
. Convolution with Impulse
. Width

. Area

. Convolution with u(1)

10a. Differentiation

10b. Integration

(1) = u(t) jh(z} x(t — 1) dt

hit —T1) * xu(f —N)=yit-T1 —T)

x(t) %8t —T) =x(t —T)

Width of y(t) = width of x(t) + width of h(r)

Area of y(t) = area of x(t) x area of h(t)

I

¥ty =x(t) =ult) = f x(t)dr (ldeal integrator)

—o0
d™x d"h dmthy
- * —_
drm drh dym+n
I t Tt

fy(r}d'r:x(r)# fh(r) dr | = fx(t)dr * hit)

—0d —i20 — 0




2-6.1 Causality

We define a causal system as a system for which the present

B B value of the output y(¢) can only depend on present and B
past values of the mnput {x(r), v <t}. For a noncausal
system, the present output could depend on future inputs.
Noncausal systems are also called anficipatory systems, since
they anticipate the future.

A physical system must be causal, because a noncausal
system must have the ability to see into the future! For example,
the noncausal system y(7) = x (¢ 4+ 2) must know the input two
seconds into the future to deliver its output at the present time.
This 1s clearly impossible in the real world.

» An LTI system 1s causal if and only if its impulse
response 1s a causal function: 4(r) = 0fors < 0. «




Stability

A signal x(¢) is bounded if there is a constant C so that
|x(1)] < C for all . Examples of bounded signals include:

o cos(3r), Te * u(t), and €* u(l —1).
Examples of unbounded signals include:

. e u(), e', and 1/t

ot2

A system is BIBO (bounded input/bounded output) stable
every bounded input x(7) results in a bounded output y(7),



el A . - A /\”—
vV V

(b) Non-BIBO-stable system



» An LTI system 1s B

O stable if and only if its

impulse response h(t) 1S absolutely integrable (i.e., if

[ 1h(2)] dt s finite). <

Example

o

h(t) = eI

o0

o0
f|h(r)|dr: f eI dzzzfe—’ dt = 2.
—00

—00

0

Hence, the system 1s BIBO stable.




2-6.4 BIBO Stability of System with Decaying

Exponentials (a)a< 0
Consider a causal system with an impulse response If « <0, we can rewrite it as @ = —|«| in the exponential,
I I which leads to
h(t) = Ce¥" u(t), (2.93)
0 0
Cl
_ —lalt gy — |
where C is a finite constant and y is, in general, a finite complex f |h(t)] dt = |C] f e dt = m = 00 (2.96)
coefficient given by —00 0

y=a+ jB, a=NRe[y], and B =7Im[y]. (2.94) |Hence, h(r) is absolutely integrable and the system is BIBO

stable.
Such a system is BIBO stable if and only if « < 0 (1.e., h(t) 1s
a one-sided exponential with an exponential coefficient whose
real part is negative). To verify the validity of this statement,
we test to see if () is absolutely integrable. Since le/Bt| =1
and %' > 0,
(b) @= 0
o0 o0
f (D] dt = f [Ce™e??| dt If « > 0, Eq. (2.95) becomes
—00 0
oo
o0 o0
=|C] f e dt. »
\h(f)| dt = |C| | ¢ dt — o0,
0
— 00 0
thereby proving that the system is not BIBO stable when o > 0.




» By extension, for any positive integer N, an impulse
response composed of a linear combination of N
exponential signals

N
h(r) = Z CieVi' u(r) (2.97)
=1

is absolutely integrable, and its LTI system is BIBO stable,
if and only if all of the exponential coefficients y; have
negative real parts. This 1s a fundamental attribute of
LTI system theory. <




LTI Sinusoidal Response
-1 @&

» Theresponse of an LTTsystem to a complex exponential
input signal x (1) = Ae’/®' is another complex exponential
signal y(r) = H(w) Ae’¥ | where H(w) is a complex
coefficient that depends on w. A similar statement applies
to sinusoidal inputs and outputs. <«

Later we will learn that a complicated periodic signal can be

expressed as N
x(1) = Z: X, /10!

N=—0C

with constant coefficients x,,.

» A similar process applies to nonperiodic signals,
wherein ) ° ___ becomes an integral [°_ . <




LTI Sinusoidal Response
N

According to the sinusoidal-response property, the correspond-
ing output y(z) will assume the form

>0
y(r) = Z H”K”EJ”&J{]F (2.99)

n=—n
with constant coefficients H,,.

This is how filtering of signals is performed by LTI systems to
remove noise, unwanted frequency components etc.

Now, we will learn how:

an LTI system excited by an input signal x (1) = ¢/“' generates
an output signal y(1) = H(w) ¢/®", and we will learn how to
compute H(w) from the system’s impulse response A (7).



2-7.1 LTI System Response to Complex
Exponential Signals

Let us examine the response of an LTI system to a complex
D N exponential x(¢) = Ae/®. Since the system is LTI, we may [N

(without loss of generality) set A = 1. Hence,

L s ]

y(£) = h(t) #x(t) = h(r) * & = / h(t) &) dr

— e—imf/ h(t) e /°" dt
— H(w) e/, (2.100)

where the frequency response function H(®) is defined as

H(w)= [ h(t)e ' dr. (2.101)

— O

That is: ¢ == | ) | ==> H(w)e™. and e/ iy | p(r) | H(—0)e /.




Properties of H(w)
B

The frequency response function is characterized by the
following properties:

(a) H(w) is independent of 1.
(b) H(w) is a function of jw, not just w.

(¢) H(w) is defined for an input signal ¢/“' that exists for all
time, —00 < t < o0; 1.e., x(t) = e/“", not e/“" u(t).

If h(r) is real, H(w) is related to H(—w) by

H(—w) = H*(w)  (for h(t) real). (2.107)



Properties of H(w)

The condition defined by Eq. (2.107) is known as conjugate
symmelry. It follows from the definition of H(w) given by

Eq. (2.101), namely,
H* (w) = f h* (1) (e~ 79T dt
—
m.

= fh(r) e’" dt = H(—w). (2.108)

» Since h(t) is real, it follows from Eq. (2.107) that
the magnitude |[H(w)| is an even function and the phase

/H(w) is an odd function:
e |H(w)| = [H(-w)]|

(2.109a)

and

(2.109b)
-

° /H(—w) = —/H(w) .




H(w) of linear, constant-coefficient,

differential equation (LCCDE)
B

0 If an LTl is a LCCDE, we can determine H(w) without
having to know h(t). Consider
d*y _dy d

X

According to Eq. (2.100), y(t) = H(w) ¢/“' when x (1) = ¢/“".
Substituting these expressions for x (1) and v(¢) in Eq. (2.110)
leads to the frequency domain equivalent of Eq. (2.110):

Ufﬂ)z H(w) el 4 2(jw) H(w) el 3H(w) L
= 4(jw)e!” +5¢/". (2.111)



After canceling ¢/®" (which is never zero) from all terms and
then solving for H(w), we get

5+ jéw B 5+ jdw
—0?+2jo+3 B—w))+ 2w

H(w) = (2.112)

» We note that every d/dt operation in the time domain
translates into a multiplication by jw in the frequency
domain. «




LTI Response to Sinusoid
N

0 Consider a cosine signal, BY Euler’s identity, we
have:

1 . :
x(t) = coswt = E[e-”‘” + eI, (2.115)

Using the additivity property of LTI system:

| | .
S == () | = H()

-} + (2.116)

1 - ] .
eI | () | — 5 H(—w) e /™.




Since A(t) is real, Eq. (2.107) stipulates that
H(—ow)=H"(w).
{fwe define —
H(w) = [H(w)[e’”,
H(-o) = [H(o)[e 7,

In symbolic form:

where 6 = {H(m) the sum of the two outputs in Acos(wt + ¢)
becomes '

_ % |H(m)|[€j[{ﬂf—|—ﬁ'} _I_E—j({ﬂf-i—ﬂj] h({)

Y1) = 5 [H(®) o + H(~0) ¢

— |H(®)| cos(wt + 6). ‘

In summary,
AH(w)|cos(wr+ 6+ 0).
y(t) = [H(®)| cos(ar + 0)
(for x(1) = cos wr).



Example 2-13: Response of an LCCDE to
a Sinusoidal Input

Scos(4t 4 30°7) mmmp- %4—3};: 3% 4 5x | m— )

Solution: Inserting x(¢) = ¢/“" and y(t) = H(®) ¢/®' in the
specified LCCDE gives

jo H(w) ¢/ +3H(w) ¢/ =3jwe’ ™ + 56/,
Solving for H(w) gives

S+ 3w
34 jo

H(w)

The angular frequency @ of the input signal is 4 rad/s. Hence,

H(4) = 54712 13eJ73 13 ) os
T 34j4  sesdE 5 C

Application of Eq. (2.120) with A = 5 and ¢ = 30° gives

3
y(t)=5x 1? cos(4r + 14.25°430%) = 13 cos(4r +44.25%).




