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Fourier Transform

I e,,—,—,S—,—,—,—
We will learn:

0 Compute Fourier Transform of nonperiodic
signails,
0 Compute Fourier Transform of periodic signals.

0 Discrete time Fourier Transform.



Discrete vs. Cont. Time: Fourier Transform
1

Discrete-Time Continuous-Time
= ‘ [ — jowt
X(e/) = Y xne/® A= f x(r) 7/ dt
n=—oo —
{ Q2 1 o0 |
' ' N wt
x[n]:E [ X (/%) /8 qQ, x(f)ZZ[X(a))ef dw
2 — 00

If x[n] and x(t) are causal signals, then:

X(e’*) = X(@)],_,jo X(w) = X(s)]

S=jw



Discrete-Time Fourier Transform (DTFT)
S

The analogy between the DTFT X (e/*?) and the continuous-
time Fourier transform X(w) can be demonstrated further by
expressing the discrete-time signal x[n] in the form of the
continuous-time signal x(7) given by o0

x(t) = Z x[n] 8(t — n).

n=—00

The continuous-time Fourier transform of x(7) is

oo o0

X(w) = Z x[n] Flé(t—n)] = Z x[n] e /" = X(ejQ).

n=—0o0 n=—oQ

» The DTFT is the continuous-time Fourier transform of
the continuous-time sum-of-impulses

o0

Z x[n) 8(r — n).

n=-—0og0




Most Properties of the CTFT also
hold for DTFT

Property x[n] X (e’
1. Linearity ky x1[n]+kr xa[n] <>k X1(e/) + ky Xo(e/)
2. Time shift x[n —ngl <> X{e,jﬂ) e—j”U-Q
3. Frequency shift x[n] eI SN gy X(efm_ﬁf']}
o . - dX(e/)
4. Multiplication by n (frequency differentiation) nxn| <= | o
5. Time Reversal x[—n|] <> X{e‘fﬂ}
6. Time convolution xi[n]* x2[n] *=> X (E-’.Q] Xz(ejﬂ)
1 : .
7. Frequency convolution xi[n] x2[n] <> - X (e-’g) % Xg(e-’ﬂ)
8. Conjugation x*[n] > X*(e /%)
o0 ﬂ|+25‘!’
: 2 1 Q2
9. Parseval’s theorem Z |x[n]| = — X (e/**)|” d2
2
n=—0Q QI
10. Conjugate symmetry X*(e/5%) = X(e7 /%)




» In particular, the following conjugate symmetry
properties extend directly from the continuous-time
Fourier transform to the DTFT:

x[n] X(e/%)

Real and even Real and even

Real and odd Imaginary and odd
Imaginary and even | Imaginary and even
Imaginary and odd Real and odd

An important additional property of the DTFT that does not
hold for the continuous-time Fourier transform is:

» The DTFT X(e/®) is periodic with period 27. <




* The DTFT can be viewed as a continuous-time Fourier series
expansion of the periodic function X(¢/f%). So that the inverse
DTFT given by = Q'/””X(e,-g) Jogo 15 simply the formula for
computing the continuous-time Fourier series coefficients of a
periodic signal with period 7o = 27.

* The relation between the DTFT and the z-transform is
analogous to the relation between continuous-time Fourier
transform and the Laplace transform.



The relations between periodicity and discreteness in time
and frequency can be summarized as follows:

Time Frequency
Domain Domain Relation
Periodic Discrete Fourier Series
Discrete Periodic DTFT
Discrete Discrete
and Periodic | and Periodic DTFS

The Discrete-Time Fourier Transform (DTFT)

(a) For a discretc;-time signal x[n], its DTFT is its
spectrum X (e/%).

(b) For a discrete-time system, the DTFT of its impulse
response h[n] is the system’s frequency response
H(e/?).




Examples: Computing DTFT

S
Compute the DTFT of

(@) xi[n] =1{3, 1,4, 2,5},
(b) xaln] = (5)" ulnl,
(¢) x3[n] = 4sn(0.3n),

Note that all three DTFTs are periodic with period 2.



Example 1: Computing DTFT

]
Compute the DTFT of e

(a) xi1[n] = {3, 1,4, 2,5},

s 9
23 -9 -] i 2 3
- : . _ ' (@) xi[n] = {3,1,4.2,5}
Answer: Xl (eJQ) — 38]29 —|_ le]gz —|_ 4 —|_ 26_19 —|_ 56_J29. My(e/2)
15
Steps: ]
Q
3 2 0 2r 3
(b) M(e/?)
$i(e/)
-3r 2r -« 0 T 2r  3x

(c) ¢1(e/Y)



Example 2: Computing DTFT

1
Compute the DTFT of (b) xz[n] = (%)F1 ulnl,

J xa[n]
Answer: Q 1 €
X (e/*) = T = = T il
e e]Q _ 0.6 1/2
19 0.4 1/4
26'] 2 O,g T T 1?8 l;"rol() ]'3 1964
0 | 2 3 4 5 6
Steps: (@) xaln] = (172)" ufn]
M(e/<)
2
1.
0.5

-3 —27r - 0 - 2r  3r
(b) My(e/?)

$a(e/<Y)

m

3r 2t -=x M 2r  3n

(c) ¢ (e/5)




Example 3: Computing DTFT

N
Compute the DTFT of (¢) x3[n] = 4sin(0.3n),

. A7
Answer: X3(e/?) = == Y [5(R — 0.3 — 27k) — 8(R + 0.3 — 27k)].
J

k=—00 x3[n]

—‘3lllllll* ?TTTTTTT?‘ )

108 64 2 0 2 4 6 8 10
(a) x3[n] =4 sin(0.3n)

=
O—t— —

Steps:
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(b) Ms(e/?)
$3(e/<)




Discrete Sinc Function=DTFT[pulse]

1 for|n| <N,
x[n] =

1.5

It

0.5F

X(ejQ) _ sin [Q (N + %)]
0 for|n| > N. sin (%)

x[n]

HHHHH HHHHH

—15 —-10 -5 0
(a) x[n rect(n/ 10) (b) H(e jQ)




Impulse Response of Brick-Wall Lowpass Filter

= Discrete-Time Sinc Function
e

H(QJQ) _ 1 O S |Q| S QO, h[l’l] — SlH(QOﬂ)
0 < [Q] =<, n
H(e ~2) h[n]
15 Frequency response . ' ' ‘ lrlnpulsle FQSPOHSG
' 0.20¢
d 0.10}
0.5¢ ] 0 I
0 = : -Q  —0.10—

2 - Q0Q, & 2x 20 —-15 =10 =5 0 5 10 15 20



Important DTFT Pairs

x[n] X(e/) Condition
1. dln] = ]
la. Sln —m] 4> e imf m = integer
)
2, I 2r Y SR - 27k)
k=—00
E‘rﬂ o
_7
3 wln] - i + Z TH(S2 = 27k)
k=—n0
; R el
. ) -
3a i) i lal =1
'% Il a{“rﬂ
3h. na’ uln — al =1
] (e/ — a)? a
) o0
4, SN 4 27 N S(Q - Q- 2k)
hk=—oC
ael
5. "ul—n-—1 — al = |
l | | a0/ |al
oo
6. cos(Qon) <=+ 7 Y [8(Q— Q- 2wk) + (2 + Q — 27k)]
k=—00
o0
7. sin(Qgn) = ? wm — Qp — 27k) — (2 + Qy — 27k)]
k=
el cosf — ael®? cos(Spy — &)
5. a" cos(Qon + 0) uln - al = |
0 ) uln] el 22 — 29009 cos Qp + a? lal
. sin [s‘e (v + -';)]
9. rect[—]=n[n+N|—u[n—l—Nl —r
N sin (%‘!—)
sin[Qqn) >
10, T'J s Z [ (82 + 820 — 2wk) — w(S2 — 2p — 2mwk)]

k==00




DTFT of Discrete Time Convolution

By the property of Fourier transform, the convolution of 2 discrete-time

sequences is equivalent to the multiplication of their Fourier transform
equivalent:

x[n] x h[n] <> X(/9) H(/9)

This means that to derive the discrete-time convolution, we can compute in time-
domain directly using convolution sum (see Lecture 2 on LTI), OR

*  Computing the DTFT of xInl and h[n],

«  Multiplying X(e/*) by H(e’®) , and then
* Computing the inverse DTFT of the product.

x[n] % hln] <= DTFT_I[X{E’J.Q) H(Ejﬂ}].

Which method to use is dictated by computational efficiency.



Discrete Fourier Transform (DFT)

DFT is the numerical bridge between the DTFT and Fast
Fourier Transform.

» Despite its name, the FFT is not a Fourier transform; it is

an algorithm for computing the discrete Fourier transform
(DFT). «

x[n]

x(f) =——| Sampling t DTFT X(e/%) Analytical solution
DFT — FFT

159)
(Digital computer) X(e/%%)

Numerical solution

The role of the DFT is to cast the DTFT formulation of an
infinite-duration signal in an approximate form composed of
finite summations instead of infinite summations and integrals.
For finite-duration signals, the DFT formulation is exact.




Discrete Fourier Transform (DFT)

For non-periodic signals:

| . 0 |
X(e/?) = Z x[n] e "

n=—o0

Q427
1 . .
x[n] = — f X(e/?) /" dQ.
2
Q)

Inverse DTFT

DFT:

No—1
X, = Z x[n] e~ /Fon
n=0
No—1

1 .
_ JkQ0on
x[n] = No kE_O X e/ tHon

2

Qp=—
0 No

Xk = N()Xk‘

Convert integral to summation of length
Ng; Ny-point DFT.

For ieriodic siinals:

DTFS:

1 No—1
X = — Z x[n] e~ /*on
NO n=>0
No—1
x[n] = Z xp el kson
n=0

Xe = X@)| = X0,

DFT DTFT z-transform

» The DFT isidentical to the DTFS with X[k] = Npx;. «

The preceding observations lead to two important conclu-
sions.

(1) The DFT does not offer anything new so far as periodic
signals are concerned.

(2) The DFT, in essence, converts a nonperiodic signal x[n]
into a periodic signal of period Ny and converts the DTFT into
a DTFS (within a scaling constant Nj).




Example 4: a Periodic Sinusoidal Signal
N

Compute the DFT of:
x[n] = Acos(2m(ko/No)n + 6) this is a periodic sinusoid.

Answer:

We can use the DFT

A .
X, =Ny — e/’ ifk =k,
2 to compute spectra

A _ 'Q . [ ] [ ) [ )
X = No = ¢ if k = No — ko, of signals consisting

X, =0 forall other k. of periodic sinusoids.

S'reps: (Ulaby 402)



Computing Spectra of Nonperiodic

Signals using DFT and Windowin
]
Multiply x[n] by lH‘
a rectangular ,,

window that e
sets x[n] to O
outside window,
take the periodic
extension of the
result, and find

its DTFS spectrum
using the DFT. If
length not enough,

use zero-padding.

W—_/
Zero padding

(d) x’[»] is a truncated and zero-padded version of x{n]



Exc:mple 5: from example 1

Compute the DTFT of _
Use a 32-point DFT to compute DTFT of

(a) x1[n]={3,1.4,2,5) example 1 numerically.

Example 1 demonstrated how to compute
x1[n]={ 3, 1, 4, 2, 5 }, and the magnitude of the
DTFT was plotted there.

Since the magnitude of the DTFT is unaffected by
time shifts (property #2 of DTFT Table), we
compute and plot the magnitude of the 32-point
DFT of {3, 1,4, 2, 5}, zero-padded with 27
zeros, using No—1
X[k] = Z x[n] e 7kS20n, k=0,1,...,Ng—1

n=(0 I

The results are plotted as red dots and the exact
DTFT magnitude is shown in blue. Increasing 32 .
to a larger number would provide a much finer s
sampling of the DTFT. 1




Using DFT to Compute (linear)
Convolutions

Goal: To compute the convolution of x[n] and y[n].
Lengths: x[n]:L, y[n]:M, x[n]*y[n]: N=L+M-1.

Procedure: Zero-pad x[n] and y[n] to lengths N
by appending N-L zeros to x[n] and N-M to y[n].

DFT: x[n]*y[n] = IDFT{DFT{x[n]}DFT{y[n]}} where all
DFTs and inverse DFTs (IDFTs) have lengths N.




Example 6: Using DFTs to Compute
_Convolu’rions

Example: Compute convolution {4,5}*{1,2,3} using DFTs.

Solution: The convolution has length 2+3-1=4. Zero-pad
the two signals to be convolved to {4,5,0,0} and {1,2,3,0}.
DFT{{4,5,0,0}}={9, 4-i5, -1, 4+j5}.

DFT{{1,2,3,0}}={6, -2-j2, 2, -2+j2}.

Multiply these: {54, -18+j2, -2, -18-j2}.
IDFT{{54, -18+i2, -2, -18-]2}={4,13,22,15}.

So {4,5)*{1,2,3}={4,13,22,15).



Extra: Fast Fourier Transform (FFT)
S

FFT: A fast algorithm for computing the
DFT: A transform for computing spectra.

|ldea: Divide-and-conquer approach:

Break up a large DFT into smaller ones.

If Ny is a power of 2, reduce computation

from Ng to (No/2)log, No.. If No= 512, this

reduces from 262,144 to 2304 multiplications!
No—1

Goal: Compute X = > x[n] Wit where Wy, =e
n=0

—j2m /Ny



FFT Formulae

- J
Split x[n] into  Xelnl = x[2n],
values at even  x [n] = x[2n + 1]
and odd times:

Then use these formulae to break up N-point DFT
into two N/2-point DFTs and some multiplications:

No/2—1 No/2—1
Xp= Y xelnl Wik o+ Wi, D xolnl Wit
n=0 n=0
No/2-point DFT No/2-point DFT
No/2—1 No/2—1
XirNg2 = > Xeln] Wi p = Who > xoln] Wit
n=0 n=0

Ny/2-point DFT No/2-point DFT



Example: Compute 4-Point DFT using FFT

Goal: Use the FFT to break down the 4-point DFT of
{a,b,c,d} into two 2-point DFTs and multiplications by j.

Solution: 2-point DFT: Xp = x[0] + x[1] and X; = x[0] — x[1]
x[n] ={a,b,c,d}. xe[nl={a,c}. xoln]l={b,d}. W,=-.

2-point DFT of {a,c} is {a+c, a-c}.

2-point DFT of {b,d} is {b+d, b-d}.

4-point DFT of {g,b,c,d} is then computed from these as:
{(atc)+(b+d), (a-c)-j(b-d), (atc)-(b+d), (a-c)+j(b-d)}=
result of direct computation of the 4-point DFT, which is
{a+b+c+d, a-jb-ctjd, a-b+c-d, a+jb-c-jd}.




TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section Property Aperiodic Signal Fourier Transform
x[n] X(e'™)| penodic with
¥[n] Y(e™)] period 27
53.2 Linearity ax[n] + by[n] aX(e™) + bY(e™)
533 Time Shifting x[n — ngl e""_"“X (™)
533 Frequency Shifting ™" x[n] X(e/™ ™)
534 Conjugation x*[n] X'(e ™)
53.6 Time Reversal x[—n] X(e ™)
. _ x[n/k], if n = multiple of k .
537 Time Expansion xuln] = [ 0 if n % multiple of k X(e™)
54 Convolution x[n] * y[n] X(e™)Y(e™)
55 Multiplication x[n]v[n] % l X(e™)Y(e'“ "\de
2w
535 Differencing in Time x[n] = x[n - 1] (1 — e /)X (e™)
535  Accumulation i.z.., x{k] — L —X(e™)
+mwX(e™) z diw — 2mwk)
k= ==
538 Differentiation in Frequency  nx[n] 'd‘]i::-]
[ X(e) = X"(e ™)
Re{X(e™)} = Re{X(e ™)}
534 Conjugate Symmetry for x[n] real $ Im{X(e™)} = ~Im{X(e ™)}
Real Signals IX(e!)| = |X(e™™)|
| EX(e) = —4X(e ™)
534 Symmetry for Real, Even x[n] real an even X(e’™) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e'™) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &e{xin]} [x[n] real] Re{X(e™™)}
of Real Signals xo[n] = Od{x[n]} [x[n) real) JIm{X(e™)}
539 Parseval's Relation for Aperiodic Signals

==

S et = 5 [ X(e*)do
i




TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
o = 2wk
,_zh'wmfmjw Irsz- agh (- - %) ay
fa) wy = 1%
. iz I. k=mm=zNm=1N, ..
elwen 2r S Blw —wg — 20} a =1 ’ :
r'-):'-: - * [ll. otherwise
(b) g irrmional = The signal is aperiodic
@ w =3¢
+m 1 _ + +
cosagn S Me-mp-2eD M tug-20D) | g =¥ ETERIMEINImIIN...
F 0, otherwise
by 5, imational > The signal is aperiodic
fa) wo =3
o j'] k=rr*=N.rt2N,. ..
Sinegn §!Zj“'“‘"’0‘3”)‘5‘“*%‘1’[“ B Sq-f k=-n-rEN-rzN,..
0.  otherwise
fb) 3% imational 3> The signal is aperiodic
- I, k=10,2N *2N,, .
xln] = 1 Fi iy 2al) dy =
fg, “ Y70 omerwise
Periodic square wave
Lo Il =M sin[{2w kN )Ny + $)]
= — ay = - k=D 2N 22N,
. [n. Ny < lnf = N2 znza.a(m ?] 4 T Neinl2w kN
and e g =Mt 0 aN N
xn+ N| = x[n) N
L 2 5 2wk 1
Swowm 554
I
o —
a"uln), o] =1 E———
o{a) Lol =N sinfw(Ny + )]
0 =N sinjon2) -

22 2 s (%)

I, 0= jw =W
Xiw) =
w..l&.‘”*""'
Xiw}) ic with penod 2w

D=<We<m

Alnl I -

uln] m* ._‘-'l'ﬂlul = 2uk)

Blm = ny) - —
1

(n+ Dauln), |al=<1 Tk —

mer=13 , 1 o

Wd ulnl  Jal =1 Ty




