ECEN220 Tutorial 4 Questions (SOLUTIONS)

Block 4: Fourier Transform — conceptual and analytical questions

Q1. Solutions:

x(r)cos(wpt) = (M) x(1).

Applying the transform property of complex exponentials, we have
X(w—ay),

% eI x(r) <>

X(w+ wp).

B = R =

1,
7€ IO x(1) >

Hence,
x(t)cos(apr) <= %[X(m—a)o)JrX(m-kam)].

Q2.

sin#
¢
Sinc(0) is an even function, and has zero-crossings at non-zero integer multiples of . For 0 a lot less

than 1, sin(0) is approximately equal to 8. Therefore, sinc(8) becomes 6/6 = 1.

sinc(d) =

Q3. The rectangle wave for is plotted as shown below:
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And the spectrum of the Fourier Transform is shown below:
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mathematically; see lecture slides)



Q4.

The Fourier transform of a de voltage x(f) = A volts 1s X(w) = 427 d{w) (an impulse at frequency
w = 0).

Q5. First nulls occur at + 2/t . Hence, Aw = 47mt/t. Wide t leads to narrow spectrum.

Qé.
sgn(r) <= Jia)
1
u(t) <> 7t8(co)+j—w .

Also,

sgn(t) = u(t) —u(—t)
Hence,

u(—t) =u(r)—sgn(r),
and the corresponding Fourier transform is

u(—t) <> 7r8(w)+i—i = 7t6(ao)—L
jo jo jo

Q7. By Euler’s identify, we have

x(t)cos(wpt) = (w) x(1).

Applying the frequency shift property of Fourier Transform, we have

X(o—ay),

N =

1 M x(1) <>

X(®+ ).

N -

E
;e"“""x(r) g

Hence,

x(t)cos(wyt) <= X(w— )+ X(w+ ay)).

N —

Q8. The DTFT of Acos(Qn+6) is
Ame’® §((Q—Qp)) +Ame 7% §((Q+Qy)),

where "
(Q-Q))= Y 8(Q+2mk—Q)

k=—o00

is a chain of impulses in Q.
Note that the DTFT of any signal is always periodic in Q with period 27.
Here, A =4, Q,=0.157m, 6 = 1, so the DTFT is

4me’ §((@—0.15)) +4me ' §((0 +0.15)).




Q9. We need to write this function as X(e/?) in terms of ¢/, not just of Q.

Using the definitions _ _
2c0s(Q) = e/ 4 /2

and _ _
2jsin(Q) = ¢/ — ¢ /@

gives _ . . ) . . _ )
X(e/?) = [2672 + 27722 4 3¢/ + 367D +- (4P — 4o 2 4 [/ — 7.

Summing terms, _ _ _ _ _
X(e/?) = 66/ + 46/ 4 277 _ 2722

The DTFT is

oo

X(e'?) = Y x[n] e/,

Hn=-—oo

so we can read off| {6,4,0,2, -2},

Q10. The No- point DFT is

N() I . y
X; = Z x[n] e J2xnk/No fork=0,1,..., No—1.

n=0

Here, Ny = 4, and e /2%7k/4 — (— j)™ for k =0, 1,2, 3.
Hence,
Xo = x[0](1) +x[1](1) +x[2])(1) +x[3](1) =4 +3+2+1 =10,
X1 =x[0](1) +x[1)(—j) +x[2)(=1) +x[3](j) =4—j3 -2+ j1 =2— j2,
Xz = x[0](1) +x[1](=1) +x[2](1) +x[3](=1) =4-3+2—-1=2,
X3 = x[0](1) +x[1](j) +x[2)(=1) +x[3](=j) =4+ j3—-2— jl =2+ j2.

Since x[n] is real-valued, we could also have used X3 = X].

The DFTis| {10,(2—j2),2,(2+2)}. [Check: £ft ([4 3 2 1]) gives the same answer.

Q11. DTFS always has a finite number of terms, equal to the period of the signal being expanded.
CTFS usually has an infinite number of terms.

Q12. DTFT applies in discrete time, and is periodic in Q with period 2nt. CTFT applies in continuous
time, and is not periodic in w.

Q13. The continuous-time sinc is sinc(x) = sin(x)/x. The discrete-time sinc is sinc(n) = sin(Qn)/(mn).

Q14. DFT X[k] of degree N is related to coefficients x[k] of DTFS of a periodic signal with period N by
X[k] = Nx[k].

Q15. The DFT X[k] of degree N is computed from the DTFT X(Q) by setting Q =2mtk/N.



