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Review from last lecture...
B

Modulation is the systematic alteration of a carrier wave so that it “carries” the information
of the message or data signal m(t).

Modulation allows for the designated frequency bands (with the carrier frequency at the
center of the band) to be utilized for communication and allows for signal multiplexing.

Amplitude modulation (AM) is an analog and linear modulation process as opposed to
frequency modulation (FM) and phase modulation (PM).

AM involves the variation of the carrier signal’s amplitude in direct proportion to the
modulating signal m(f).

AM is simple to implement and can be accomplished inexpensively with a small number of
components; but AM has a low power efficiency (ratio of power in the message signal
relative to the total transmitted power) and is very susceptible to noise and interference.
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An amplitude modulation time-varying signal (double sideband with carrier - DSB-WC) is

P (t) = [Ac + m(f)]'cos(a’ct)

AM can be interpreted using phasors where the carrier of the AM signal is a phasor of
constant amplitude A4 . rotating CCW at frequency /.- and the modulating signal m(t) made

up of a collection of slower rotating Fourier components of m(f) attached to the tip of the
carrier phasor. The vector sum of the phasors gives the AM phasor.

The corresponding amplitude modulation spectrum is
1 1
D, ()= EM(w—a}C)JrEM(aH o)+ A [S(0 -0 )+ 5(0+ o))
which is related to the frequency shift property of the Fourier transform.

The AM modulation index is defined as p = m_/A4 ., where m, is the peak amplitude of

m(t). When pn > 100% overmodulation results in an AM waveform (i.e., envelope
distortion).

The power efficiency n of AM is defined as
__ message power P

m

total power ~ A2+P, '

m

where P, is the message power. The power efficiency n is 11.1% when p = 0.5 and n is

qq GU}_ \ll’lﬁﬂ.“ B — '1 n fl‘.ﬂﬂ+ ﬂﬂﬂﬂl\
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Bandwidth efficiency can be improved is with quadrature amplitude modulation (QAM).
QAM involves two data streams: the I-channel and the Q-channel. Bandwidth efficiency is
improved because two signals to share the same bandwidth of a channel. But this can
only be done if the two modulated signals are orthogonal to each other.

Modulating one message (call it the in-phase message m,) with cos(m.t) and another
message (call it the quadrature message m,) with sin(act) makes the two signals
orthogonal to each other. Thus, both messages can be independently modulated and
demodulated.

The QAM signal is of the form, @, (t)=m,(t)-cos(m.-t)+ mQ(t) -sin(a,t)

QAM transmits two DSB-SC signals in the bandwidth of one DSB-SC signal. Interference
between the two modulated signals of the same frequency is prevented by using two
carriers in phase quadrature. The In-phase (I-phase) channel modulates the cos(at)
signal and the Quadrature-phase (Q-phase) channel modulates the sin (@.f) signal. The
carriers used in the transmitter and receiver are synchronous with each other. In fact, they
must be almost exactly in quadrature with each other; otherwise, they experience
cochannel interference. Low-pass filters are used to extract the baseband signals m((f)
and mg(f) in the receiver.

QAM is used extensively as a modulation scheme for digital telecommunication systems,
such as in 802.11 Wi-Fi standards.



QAM transmitter and receiver block diagram:
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Quadrature Multiplexing

The orthogonality of the |- and Q- branches of a receiver can be exploited
for multiplexing two message signals onto a single frequency band

Consider a transmitter where m(t) and m2(t) modulate two carriers with
equal frequency but in phase quadrature

s(t) = Acmi(t) cos(2m fet) + Acma(t) sin(27 fct)

Message Product * Multiplexed Product Low-pass
signal m(n) | modulator 20 m signal s(r) ] modulator ﬁ.tﬁ; = Agm )

n+
A
—0 A COS [217_fcr} | o 2cos L'Z-ar,ﬁ.r]
W L]
. Multiplexed

" -90 . signal =t} 'w.

phase-shifter phase-shifter
4 Agsin (2mf.0) Zsin (2wf,10

Message __ Product Product Low-pass
signal m (1) modulator = medulator [ fitter [ Acm2l)

at the receiver the composite signal is coherently demodulated by two
carriers, again, in phase quadrature

low-pass filtering removes the double frequency components, recovering
the individual message signals

This scheme is also referred to as quadrature amplitude modulation



Complex Baseband Representaton of Signal

Consider a generic bandpass signal with an envelope a(t) and phase ¢(t)

9(t) = a(t) cos(2n ot + B(8)) = g1(t) cos(2m /1) + g (1) sin(2m fet)
We have defined g;(t) = a(t) cos ¢(t) and go(t) = a(t)sin ¢(t) as the
in-phase and quadrature components of g(t), respectively.

We can rewrite g(t) as

g(t) = R{g(t)e*™ "}
where we have defined g(t) = g:1(t) + jgo(t) as the complex envelope of
the bandpass signal

both g(t) and g(t) can be expressed by phasors

glr

Hfp=—————— e ———— gt
aft) gﬂ{ 4

ZEf 4 Bl

|
1] 0 g8

note that the phasor representation of g(t) is obtained by simply
suppressing the constant angular rotation 27 f.t
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Angle Modulation - Motivation

@ Recall that in amplitude modulation we vary the amplitude of a sinusoidal

carrier.

@ We now investigate another type of continuous wave modulation: angle
modulation, where the message is used to vary the phase or frequency of

the carrier.
@ advantages include:

e constant transmit power (constant envelope)
e can tradeoff bandwidth for noise immunity
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Applications of FM

]
Application Type of Modulation
AM broadcast radio
FM broadcast radio &
FM stereo multiplex sound (AM) nn@
TV sound
TV picture (video) ., VSB
TV color signals drature DSB (AM)
Cellular telephone SK, PSK
Cordless telephone
Fax machine M (AM plus PSK)
Aircraft radio AM
Marine radio SSB (AM)
Mobile and handheld radio
Citizens band radio and SSB (AM)
Amateur radio SSB (AM)
Computer modems FSK, PSK, QAM (AM plus PSK)
Garage door opener OOK
TV remote control
VCR
Family Radio service

Not a complete list of applications.

We have studied AM, next is FM and PM.
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Modulation in picture

- J
Amplitude Modulation Phase Modulation

With few exceptions,
Phase Modulation (PM)
is used predominantly in

digital communication

Frequency Modulation

d¢

Remember that f = E
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Comparing the different modulations |
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Some Definitions

@ Let 6;(t) denote the angle of a modulated sinusoidal carrier at time t;
0;(t) is assumed to be some function of the message m/(t)

@ Given a carrier with amplitude A., the angle modulated wave is
s(t) = Accos(0:(t))

@ A complete oscillation occurs when 6;(t) changes by 27 radians.
Assuming 6;(t) increases monotonically with time, the average frequency
in Hertz over an interval (t,t + At) is

fae(t) = 0:(t +§2t— 0;(t)

@ instantaneous frequency of s(t) is defined as the limit At — 0, that is

df;
fit) = % df)
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Some Basics

@ For an unmodulated carrier, the angle is simply
Qz(t) — Q?cht + qbc

where ¢, is the value of 6;(¢) at t =0

@ In the case of Phase Modulation(PM) the angle 6;(¢) is varied linearly
with the message signal; assuming ¢. = 0, we have

0:(t) = 27w fet + kpym(t)

o 27 f.t - phase of the unmodulated carrier
o k, - phase sensitivity

@ The phase-modulated signal is thus

s(t) = Accos[27 fet + kpm(t)]



Some Basics

@ In the case of Frequency Modulation(FM) the instanteous frequency f.(t)
is varied linearly with the message signal

fi(t) = fe + ksm(2)

e f. - frequency of the unmodulated carrier
e ky - frequency sensitivity

@ We can obtain the phase of the FM signal by integrating over time from 0
to ¢t (and multiplying by 27), giving

i
0:(t) = 2w fot + 27rkf/ m(7)dr
0
@ The frequency-modulated signal is thus

s(t) = Ac cos [27rfct + 27ky /t m(T)dT]
0
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Angle Modulation
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Relationship between PM and FM

@ From the definitions of FM and PM, we see that an FM wave for m(t)
can be viewed as a PM wave for [ m(7)dr

@ Similarly, a PM wave for m(t) is simply an FM wave for dm(t)/dt

\iodulating R .. Phase Modulating L . Frequency.
M wave ,“jlnt.egrator : ; mOdUIatOI_ FM wave wave > _D‘ffe’?"F.'.ath > : TﬂOdU]atOf == PM wave
A, cos (27f,1) A, cos (2mf.1)

@ Thus, we can limit our analysis to FM, with the understanding that the
corresponding properties can be easily deduced for PM



General Observations on FM and PM 1-2
Waveforms

. Both FM and PM waveforms are identical except for a time shift,
when m(t) is a sinusoidal signal.

. For FM, the maximum frequency deviation occurs when modulating
signal is at its peak values (i.e., at + m, and —m,).

. For PM, the maximum frequency deviation takes place at the zero
crossings of the modulating signal m(t).

. It is generally difficult to know from looking at a waveform whether
the modulation is FM or PM.

. The message resides in the zero-crossings alone, provided the
carrier frequency is large compared to frequency content of m(t).

. The modulated waveform doesn’t resemble the message waveform.
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Advantages of angle modulation

Angle modulation is resistant to propagation-induced selective fading
because the amplitude variations don’t contain information.

Angle modulation is very efficient in rejecting interference (i.e., it
minimizes the effect of amplitude noise on the signal transmission).

Angle modulation allows for more efficient use of transmitter power.

Angle modulation can handle a greater dynamic range in the
modulating signal without distortion (as would occur in AM).

Wideband FM gives significant improvement in the signal-to-noise ratio
at the output and is proportional to the square of the modulation
index 3, where

Af { B Bandwidth

Af Frequency deviation



Phase-Frequency Relationship When 122

Frequency is Constant
-b

(t) = Ac CC*S(fi’(f))

At) is generalized angle

o(t) = A. cos(a.t+6,)

o(t)
No modulation
.t +6,
6, 1s constant
/ Slope: w.(t) = d0(t) = @
dt et
0¥

: >
fime t
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Concept of Instantaneous Frequency

Angle

Modulation
in red line @(t) — AC COS(CUCt + 90)

o(t)

A

p(t) = Ac COS(f(f))

é(t) is generalized angle

9

.t +6,

0, 1s constant

Slope: wf(t):di—?)t t > O

, >
t ftime t
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Angle Modulation Gives PM and FM

o,(t) = @ and O(t) = j o.(1)dA

—o0

Modulation

Phase Frequency
Modulation Modulation

Frequency modulation and phase modulation are closely related!



Comparing Frequency Modulation to 125
Phase Modulation

_
“ Frequency Modulation (FM) Phase Modulation (PM)
1  Frequency deviation is proportional to Phase deviation is proportional
modulating signal m(t) to modulating signal m(t)
2 Noise immunity is superior to PM (and of Noise immunity better than
course AM) AM, but not FM
3 Signal-to-noise ratio (SNR) is better than  Signal-to-noise ratio (SNR) is
PM (and of course AM) not quite as good as with FM
4  FMis widely used for commercial PM is primarily used for mobile
broadcast radio (88 MHz to 108 MHz) radio services
5 Modulation index is proportional to Modulation index is
modulating signal m(t) as well as the proportional to modulating

modulating frequency f,, signal m(t)
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Phase Modulation
S

0,(t) = oct+6, + k,m(t) ; Usually we set 6, =0,

Ppri (F) = Ac cos(@ct +k,m(t))

The instantaneous angular frequency (in radians/second) is

)=,y )

yy P =a)c+kpm‘(t)

In phase modulation (PM) the instantaneous angular frequency @,
varies linearly with the time derivative of the message signal m(t)
[denoted here by m’(t)].

kp is the phase-deviation (sensitivity) constant. Units: radians/volt
[Actually it is radians/unit of the parameter m(t).]
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Frequency modulation

S S
But in frequency modulation the instantaneous angular frequency
@ varies linearly with the modulating signal m(t),

,(t) = o +km(t)

t t

0,(t) = || @ +k;m(2) |dA = ot +k, [ m(2)dA

—0o0

kf is frequency-deviation (sensitivity) constant. Units: radians/volt-sec.

Then

P (£) = Ac COS{th +k, j m(A) di]

FM and PM are related to each other.
In PM the angle is directly proportional to m(t).
In FM the angle is directly proportional to the integral Im(t)dt :
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Summary: PM and FM

Message signal is m(t)

Definition: Instantaneous frequency is @,(f) = diit)
Phase Modulation Frequency Modulation
Angle 0,(t) = @cf+kpg(f) 0.(t) = aJCt+kfj m(A)dA
Frequency @. = @ + kr» % W; = WO + kfm(t)

In phase modulation m(t) drives the time variation of phase 4.

In frequency modulation m(t) drives the time variation of frequency f,.
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Generation of PM and FM

| Ho)=1je ’:
! J. j. (2 d Modulator | |
! .. ! Generation
LR EEE PP PR CEE e of FM
Agbo & Sadiku = V] | é
Figure 4.1 requency Modulator A cos(a,t)
p.60
' _Hjo)=jo l
m(t) ! d | Pon (1)

l “u Frequency | | "™
! dt dm(t) | Modulator | |
i BT ' Generation
LT Frrrrr of PM
Phase Modulator A cos(ayt)

We require that H(jw) be a reversible (or invertible) operation
so that m(t) is recoverable.
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FM and PM are Nonlinear Processes

Consider a phase modulated signal:

Let (1) = A cos (et +k,[m, () +m,(1)])

If ()= A4.cos (a)ct +k,m (1‘)), and
s,(t) = A, cos (a)ct +k,m, (1‘))

It then holds that

s,(t)+s,(t)#s(t) <« .. additivity fails
So PM can't be linear.

The same argument holds for FM.

Note: Linearity requires both additivity and homogeneity to hold.
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Modulation Index B for Angle |

Modulation
S

Let the peak values of the message signal m(t) and its first derivative m’(t) be
represented by

Peak value of m(t) = m, = Va(m,, — M)
Peak value of m’(t) [= dm(t)/dt] =

Frequency Deviation is the maximum deviation of the instantaneous
modulated carrier frequency relative to the unmodulated carrier frequency.
It is (symbolically) represented by either Aw or Af.

k,
FM: Ao=km, or Af =L e,
27
km
PM: Aw=k,m, or Af =
277:

The ratio of the frequency deviation Af to the message signal’s bandwidth B
Is called the Frequency Deviation Ratio or the Modulation Index, and is
denoted by f(unitless).

A Ao

ﬁB 2;?:8
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Equations for PM and FM
N

Carrier signal Aicos(at) (volts)

Carrier frequency o =27 f. (radians/sec)
Modulating wave m(t) A, cos(m,t) Single-tone modulation
Modulating frequency o, =2rf, (radians/sec)

Deviation sensitivity k; (radians/volt-second)

Frequency deviation Aw=k A, (radians/sec)
Modulation Index B = Y Ao _ KA (unitless)

f m a)m mm

A
Instantaneous frequency f, = f. +k; 2—mcos(a)mt) = fo +Af cos(a,t)
V1

t
Remember Py (1) = Ac {cos[a)ct +k; ( I m(ﬁ)di]ﬂ , generally

—o0

m

I kA
Tone modulated wave ¢, (t)= A, cos(a)ct +-L sin(a)mt)ﬂ

or P (t) = A :cos(a)ct +p sin(a)mt))]



Summary of Mathematical Equations -3
for FM and PM

]
Type of Modulating Signal Angle Modulated Wave

Modulation

Phase m(t) |
modulation A cos(a)ct+kpm(;))

Frequency m(t) . )

modulation 4. Cos(coct +k, Lﬂ m(ﬂ)dﬂ)

Phase Tone:

modulation m(t) = A,,- cos(m,,t) Ac ’COS(th +kpAm COS(@CI))

Frequency Tone:
modulation | m(t)=A4,-cos(w,t) A -cos| a.t s (1)
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Example:
N

* A single-tone FM signal is
Pp (1) =10| cos(27(10°)t +8sin(27(10°)t)) |

Determine
a) the carrier frequency f-

b) the modulation index g
c) the peak frequency deviation A f
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Solution:

S S
Start with the basic FM equation:

Pusill) = A [cos (27 fot+ Bsin(27 fmt))]

Compare this to

Py () =10 [Cos(Zfr(106 )t +8sin(27(10° )t))]

(a) We see that f-=1,000,000 Hz & f,, = 1000 Hz.
(b) The modulation index is = 8.
(c) The peak deviation frequency Af'is

Af = B+ f. =8-1000 = 8,000 Hz

Note: Af'/f.is 0.008 or 0.8 % deviation frequency to carrier
frequency.
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Average Power of a FM or PM Wave
B

The amplitude A, is constant in a phase modulated or a frequency
modulated signal. RF power does not depend upon the frequency
or the phase of the waveform.

Pem or PM(t) = AC cos[a)ct + g(kk,m(t))

2
Average Power = % (always)

This is a result of FM and PM signals being constant amplitude.

Note: k; becomes k,for FM and k, for PM.
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Example:
N

Problem:

Consider an angle modulated signal given by
P(t)=6- [cos (27[ x10°7+2- sin(SOOOm)] volts

What is the average power of this signal?

Solution:
AZ
Average power = P. = 7( where A4, = 6 volts
6> 36 .
Therefore, P.=—= 2" 18 watts (assumes 1 ohm resistance)

Note that the result does not depend upon it being FM or PM.
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Comparison of FM (or PM) to AM

' Frequency Modulation (FM) Amplitude Modulation (AM)

FM receivers have better noise AM receivers are very susceptible to
immunity noise

2  Noise immunity can be improved  The only option in AM is to increase
by increasing the frequency the transmission power
deviation

3  Bandwidth requirement is greater AM bandwidth is less than FM or PM
and depends upon modulation and doesn’t depend upon a
index modulation index

4  FM (or PM) transmitters and AM transmitters and receivers are less
receivers are more complex than complex than for FM (or PM)
for AM

5 All transmitted power is useful so  Power is wasted in transmitting the
FM is very efficient carrier and double sidebands in DSB
(but DSB-SC & SSB addresses this)



Example:
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Sketch FM and PM waveforms for the modulating signal m(t). The constants
k;and k, are 2m x 10° and 10m, respectively. Carrier frequency £, = 100 MHz.

m(t) |¢—— x 10 ‘——bl

20,000 ———
| seconds dl
{ >

dm(t)

[ ==

. WO N

FM

Erall) Conal?)

|\m|ll l | l
i

PM

, || 11l |"'|

(i

i

k k
f; :fc+2—fm(t)=1x108+1x105-m(t); ¥ =fc+2_"m-(t)=1x108+5-m'(t);
T T

Minin = -1 and Mnax = 1
(). =10°+10°(~1)=99.9 MHg,
(f).. =10°+10°(+1)=100.1 MHz

ml

min

(f )i
(fi s

=-20,000 and m'__ =20,000

=10° +5(-20,000) = 99.9 MHz,
=10" + 5(+20,000) = 100.1 MHz
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Example:
N

Sketch the PM waveform for the modulating signal m(t) from prior slide.
The constant k, equals /2. Carrier frequency f. = 100 MHz.

dmft)
dm(r)T T s k, dm(t) . 1dm(®)
di l | l fo=tet = Y T
|pm| %,mmz This is carrier PM by a digital signal
: — it is Phase Shift Keying (PSK)
l “ H “l““““ because the digital data is
WUH |HHHHHHHHI H T e, e ot

Evaluate the instantaneous jumps by considering:
Por (1) = Ac cos[a)ct + kpmd(t)] =A- cos{a)ct + %md(t)i‘

. \
Ppyi (1) = Ac sin(@.t) when m(t)=-1 Instantaneous jumps
k,m, (1) ~ (=7, ) Do (t) = —AC Sil’l(&)ct) when m(t) =1 in phase by 7 radians.

where jump in 1, (t) = (1) = (<1) = 2 or (<1)=(1) = =2~
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FM bandwidth

@ Since FM is a nonlinear operation, the analysis of the modulated signal is
significantly more complex

@ We will study a case of single tone modulation, considering two cases,
depending on the bandwidth of the message

@ consider a sinusoidal message
m(t) = Am cos(27 fint)
so that the instantenous frequency of the FM signal is

fi(t) = fe + kfAp, cos(2m fint)
= fe + Afcos(2m ft)

where we defined a frequency deviation Af = k¢A,,. This is the
maximum departure of the frequency from f..
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FM bandwidth

the angle of the FM signal is thus

Qi(t) = 2’3‘1’/{] fi(t)dt

= 27 fot + Bsin(27 fint)

where 3 = féi is commonly referred to as the modulation index of the
FM signal

it represents the maximum departure of the angle 6;(t) from 27 f.t

for the case of a single tone FM modulation, the overall signal is
s(t) = Ac cos[2m ft + Bsin(27 fr.t)

We distinguish two cases

@ narrow-band FM - 3 << 1
Q@ wide-band FM - 3 is large compared to 1
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Parameter S is the modulation index for angle modulation.

L is used to differentiate between narrowband angle modulation and
wideband angle modulation.

Narrowband angle modulation requires f <<1 (Typically <0.3)
Wideband angle modulation requires S >>1 (Typically >5.0)

Equivalently,

Narrowband angle modulation requires Af << B
Wideband angle modulation requires  Af >> B

Comments:
1. Narrowband FM has about the same bandwidth as that of AM.
2. Commercial (broadcast) FM is wideband FM (required due to
its superior noise performance).
3. Why even consider narrowband FM? Two reasons:
a. NBFM is easier to generate that WBFM.
b. It is commonly used as the first step in generating WBFM.
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Narrowband FM bandwidth

@ Expanding s(t) for a sinusoidal message we have

s(t) = Ac cos(2m fct) cos[B sin(27 fint)] — Acsin(27 fet) sin[B sin(27 ft)]

@ for f << 1 we have
cos[Bsin(27 fint)] = 1
sin[B sin(27 fit)] = B sin(27 fmt)
which gives
srm(t) = Accos(2 fet) — BAc:sin(27 fet) sin(27 fnt)
~ A cos(2m fot) + %BAC{COS[QTI‘(fC + fm)t)] — cos[27(fe — fm)t)]}

@ compare this expression to the case of sinusoid-modulated AM signal

sam(t) = Accos(2m fet) + %/J,AC{COS[ZW(fC + fm)t)] + cos[27(fe — fm)t)]|}

@ the only difference is the sign of the lower frequency component.

@ This implies that the bandwidth of a narrowband FM is the same as the
corresponding AM signal, ie 2f,,



Spectrum of NBFM
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[ e
Gy (1) = A cos(w,t) + % B A cos((o +,)t) —% B A cos((w, —,)t)

Sidebands are
in quadrature.

Tone modulation ~ cos(, t) Prrs (1)
r'y
A
‘T |B=02
PAc
(0.~ @,)
2

NBPM requires 3 << 1 radian
(generally less than 0.3 radian)

>
@



1-46

Narrowband Angle Modulation

@ Another way to look at the case of narrowband FM is to note that the
signal can be expressed as

s(t) = %{Acej¢(t]ej2ﬂf“t}
where in the case of single tone message, ¢(t) = [sin(27 fi.t)

e’? in a power series gives

s(t) =R {Ac [1 +jo(t) — (’i(!t) — .. ] eﬂ“fcf}

@ Expanding

@ if the maximum value of [¢(¢)| << 1, we can approximate

s(t) ~ R{ALP™t 4 ALp(t)je?*™ ")
= Accos(2m fot) — Aco(t) sin(27 ft)
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Phasor view of NBFM

@, rotates faster than o

Phasor leneths adiust to keep constant A .-
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Example:
N

Exercise: The message signal input to a modulator is m(t) = 4-cos(2mx10%t)
and the carrier is 10-cos(mx108t). If frequency modulation is performed
with kf= 10007, verify that the modulated signal meets the criteria of
being narrowband FM. Also, obtain an expression for its spectrum and
sketch this spectrum.
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Solution:

FEE
First we calculate the modulation index /3

A 4
=k, —=1000
p " }T[Zﬂ'xlﬂ

m

4.=10 thus, % BA. = %(0.2)(10) =1

Using the equation from slide #49:

4]:0.2; f <03 = NBFM

By, (1) = A cos(m 1) + % S A cos((w. +m,)t)— % fA.cos((m. —m,)t)

By (1) =10 cos(a@,t) +cos (o, + ®,)t) —cos (o, — ,)t)
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Solution:
B 5

ery (1) 210-cos(@.1) + cos (@, + @, )t ) - cos (@, — @, 1)

The corresponding expression for the specturm becomes

P, () =10z[5(0+a.)+ 50— )|+ 7[S(@+ 0. +0,)+5(0-0. —0,)]
—7|d(w+0o,-0,)+5(0-0.+0,)]

where @, =10°7 radians/sec and @ =27 x10" radians/sec

(I)FM(Q)) A
1073' 1T Iy
Bandwidth = 2@,
t T t .
0w, Vv -rd Voo, ®
(.-, (o+a,) (o.- @,) (o+ @)
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Spectrum of Wideband FM

@ To study the case of wideband FM, we once again consider a sinusoidal
message signal such that

6(t) = Bsin(2r fmt)

where 3 is not necessarily smaller than 1

@ The resulting signal is

s(t) = Accos(2m fot + Bsin(27 fr.t))
_ %{Acejﬁ sin(Eﬂfmt)BjEﬁrfct}
= R{5(t)e’*" It}
where 5(t) = A.e??57fmt) is the complex envelope of s(t).

@ Note that 5(¢) is a periodic function with a fundamental frequency f,.
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Spectrum of Wideband FM

| @ Since 5(1) is periodic, we can expand it as a complex Fourier Series

oo

5(t) = Z Cne? 2T Imt

L=—0C

where the FS coefficients are given by

1/(2fm) - .
Cr, = fm/ g(t)e—:} N fm dt
—1/(2fm)

1/(2fm) |
— fmAc/ BJﬁSm(wamt)—jZﬂnfmtdt
_1f{2ffrn)

@ if we define =z = 27 f,,1, we can rewrite the FS coefficients as

AC " (3 sinx—nx
. / (8 ) g

T 2m
= AcJn(B)

where J,,(3) is nth order Bessel function of the first kind

—



Bessel functions

@ an nth order Bessel function of first kind is defined by

1 " (B sinxz—nx
Jn(B) = %/ (B ) d
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Spectrum of Wideband FM

@ Substituting, we have that the complex envelope of the FM signal is |

S(t)=Ac Y Ju(B)eTIm

n=—0oC

and thus the FM signal itself is

s(t)—%ﬁ{Ac > Jﬂ(ﬁ)eﬂﬂfc+nfmﬁ}

TN=—0o

@ taking the constant amplitude A. outside, and exchanging the order of
summation and R{-}, we can simplify to

s(t) = A. Z Jn(B) cos[2m(fe + nfm)t]

n=—oo

@ the above is a FS expansion of single-tone FM for arbitrary modulation
index [3.
@ At last, Fourier Transform of both sides gives the spectrum of s(t)

SU) =25 3 TalB)S( — fo = nfun) +5(F + fo+ nfon)]

Nn=—=0o0
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WBFM requires more bandwidth

AA

N

Message Signal (frequency f,,)

W

W

\ﬂnnnﬂn

ﬂ

|

IR

n
I

VUVUVU\

|

. A Amplltude Modulated Slgnal

R

Frequency Modulated (FM) Signal

c + A
0] fC

A Carrier Signal (frequency f)

1/’“\\ yARNS

AM f

WBFM

i
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Single-Tone FM Spectra

~

1+ Number of Bandwidth
NBFM 05: 0.1 2 2
B=0.2 Im
0.3 4 af,
(a) L L] > i
fe ~fm fc fe +fm 0.5 4 af
—2Af
1.0 6 6fn
b | l 5.0 16 16 f,,
(b) To—2f To o +21 »
Bandwidth 10.0 28 28 f,
s IBoth upper and lower
| B =5 sidebands about f_.
() l |
(C) f _8 fc +8fm B
2 Af B 10 Modulation Index
)lllll'lllIIII‘I"IIIIIII]I TP . _Af_Aa)
fo ~14fm fo +14fm = =
i: Bandwidth *| fm a)m

B, or BWW
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Spectra of FM

]

Af increasing & Af is constant &
fn s constant | 7F g f,. 1s decreasing

A B =0.2 A

Single-tone : f I | t L f
Modulation Index ’;‘\‘ : |
|

] =1.0 I

_N _Ae P | ‘ |

K [ |

-

P Y p=s m

*"‘H‘I‘—Jﬂf‘L—‘I—J}L Ee
/ % |
WEFNL \ p=10 | |

:

o

fe
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Selecting an FM radio station

Broadcast FM Radio covers from 88 MHz to 108 MHz
100 stations — 200 kHz spacing between FM stations

dBu .. MHz '"_."ml Site01_scanl
90| (BC 97z KISS 100 Virgin
80 | BBCLorm . MAGIC ™ Heat
;g BBCA3 BBC R4 Clhosid @ i
A ¢
40|
20| |
10|
0
i 880 688 896 9(4 9N 2 92 0 928 936 944 952 960 968 976 984 992 1000 1008
Frequency a2 5:5 MH Signal strength i'. g -::5 dBu |

Note: 0 dBu =0.775 volt into 600 ohms
(which is equivalent to 1 mW power
delivered into the 600 ohm resistor)

OO0,
1880000000 RR000000SSY

Service Type Frequency Channel Maximum Highest
Band Bandwidth | Deviation Audio
Commercial FM Radio 88.0 to 108.0 200 kHz 175 kHz 15 kHz
Broadcast MHz
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Measured spectrum of an FM station

o | =

-
{3 Find rM Signals.vi Front Panel *

File Edit Wiew Project Operate Tools Window Help TS
o |4 JEH 15pt Appheation Font |- | E,,;.- ”,._._.‘ ||g~|[@-] |- Search <4 |E *
-

FM Radio Search

10 rate carrier frequency gain number of samples  active antenna

g 1OM * 917M * 15 " 200k RX1
v v v . .
Voice modulation

r 3

m

Amplitude
.,_I“J ]
[

I
|
¥l

94.6M  94.6M
93.7M |94.7M |95.5M |96.7I 5.1M |989M O 0 0 C

Detected Stations STOP

L}
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Three important parameters:

e
The three important frequencies in FM and PM are

1. Carrier frequency /- (or @)
2. Maximum modulation frequency f, (or ), and
3. Peak frequency deviation Af (or Aw)

Two Definitions of importance:

1. Modulation index

Af A Ao Ao
B, f, o, 2B

m m m

p=

(can be a very large number)

2. Deviation ratio D

D= ﬁ = Ao (always much less than unity)

C a)(.“

Remember: For FM Aw = kfmp & for PM Aw = kpm ’p
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FM Bandwidth and the Modulation Index 8

N
A. Narrowband FM (NBFM) — << 1 radian

By, =2B, where B, is the bandwidth of m(t)

B. Wideband FM (WBFM) — £ >> 1 radian

By =2(B+1)B,, where ﬁ=£=ﬁf=‘&a’
B, 7, o

m m

Af is the peak frequency deviation Af = max[k fm(t)]
B\, =2(Af +B )=2(B+1)B, | < Carson's Rule

M — m

For PM we have analogous equation,
By, =2(B+1)B,
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Example:
N

The message signal input to a modulator is 10-cos(2w x 10%t). If frequency
modulation with frequency deviation constant k. = 10* m is performed, find
the bandwidth of the resulting FM signal.

Solution:

1 k. A _104:r><(10)_

p— f m
p 2 f, 27 x10°
B, =2(p+1) f, =2(5+1)-10kHz =120 kHz,

using Carson's rule to calculate bandwidth B,
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Example:
N

If phase modulation is performed using the message signal 10-cos(2w x 10%t)
used in the previous slide, find the phase deviation constant &, giving the
PM signal the same bandwidth, namely, 120 kHz.

Solution:

For both the FM and PM signals to have the same bandwidth, fand Af must
be the same. For FM, Aw =k, 4,,; but for PM, Aw =k, m’,.
Expressing the message signal m(t) = 4, -cos(m,,t) gives

m m

Thus,

k 107 1
Sm prmm @ 2ax10* 2

m

kpm'P _ kpa)mAm

Check: p= =k,4, =%(10)=5

w @

m m



1-64

Example:
N

For commercial FM radio, the audio message signal has a spectral range of
30 Hz to 15 kHz, and the FCC allows a frequency deviation of 75 kHz.
Estimate the transmission bandwidth for commercial FM using Carson’s

Rule.
Solution:
We start by calculating
A kH
5= \f _ 75 kHz s
B~ 15kHz

m

Using Carson's rule gives
B, = 2(ﬂ+l)Bm = 2(5+1)15 kHz =180 kHz
The allowed bandwidth for commercial FM 1s 200 kHz.

Note that Carson's rule slightly underestimates the
bandwidth.
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Why does FM need more bcmdwid’rh?]_
B

Observation: The bandwidth required for AM and NBFM are the same.

However, WBFM (wideband FM) requires much more bandwidth. Why?

A Fourier spectrum of an FM signal shows that to keep the amplitude
constant of an FM signal that many components are required to represent
the FM waveform. The frequency spectrum of an actual FM signal has
components extending infinitely, although their amplitude decreases for
sufficiently higher frequencies. Sufficiently higher frequencies applies

to frequencies above the Carson bandwidth rule.

B, =2(Af +B,)=2(B+1)B, < Carson's Rule

FM — m

Next we examine the Fourier components this using phasors.
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I e,,—,—,S—,—,—,—
Remember:

0.8 -

06 0. 0.58

04 0.35 -

022
0.13 0.13 i

: . 0.93 ] I 003

T
.f; 2 4f:r f;: “/m c -f »
f; o 3f;7z .fc '.f;n f; +.f;7z ./; + 3f;n

0.2

1

4f n

Note: Only magnitudes of spectral lines shown.
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NBFM in phasor

NBFM with tone modulation
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WBFM in phasor

0 Vﬂdd—order sideband

carrier :
I
[

—
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Animation
B

Go to this site to see the animation of a PM wave generation
https://nibot-lab.livejournal.com/114405.html
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Generation of NBFM

t

Ppa (1) = A cos (o t)— Ac [kf J m(a')da]sin(a)ct)

NBFM is limited to 3 << 1 radian

DSB-SC
modulator
m (t) NBFM
TR
—Ac-sin(a)ct)
/2 [¢ “\— ) Oscillator

Arcos(m.t)
Carrier
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Generation of NBPM

Pea () = Ac cos(a,t) — Ack,m(t)-sin(o.t)

DSB-SC
modulator
m(t) + NBPM
K
+
-Assin(o,t)
/2 [ “\_ ) Oscillator

Ascos(om.t)
Carrier
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Generation of WBFM

_
Crystal stabilized
voltage-controlled fc, =200kHz f. =12.8 MHz
oscillator Af, =25Hz cz =
m(t) f, =1.6kHz
— .| NBFM _ x 64 .
generation NB \ MUltlpller
Py () ——
frs =1.9MHz
WEB Af, =1.6 kHz
Prp (F) : /;
X 4
PA Multiplier ) BPF
f., =91.2 MHz _—~ — A mixer
Afd = 76.8 kHZ does not
| change Af

Crystal Oscillator
These numbers correspond

to an FM broadcast radio station.
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)
Advantages of frequency modulation

1. Resilient to noise: The main advantage of frequency modulation is a reduction in
noise. As most noise is amplitude based, this can be removed by running the
received signal through a limiter so that only frequency variations remain.

2. Resilient to signal strength variations: In the same way that amplitude noise can
be removed, so too can signal variations due to channel degradation because it does
not suffer from amplitude variations as the signal level varies. This makes FM ideal
for use in mobile applications where signal levels constantly vary.

3. Does not require linear amplifiers in the transmitter: As only frequency changes
contain the information carried, amplifiers in the transmitter need not be linear.

4. Enables greater efficiency : The use of non-linear amplifiers (e.g., class C and class
D/E amplifiers) means that transmitter efficiency levels can be higher. This results
from linear amplifiers being inherently inefficient.
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Disadvantages of frequency modulation

1. Requires a more complicated demodulator: One of the disadvantages is that
the demodulator is a more complicated, and hence more expensive than the very
simple diode detectors used in AM.

2. Sidebands extend to infinity: The sidebands for an FM transmission
theoretically extend out to infinity. To limit the bandwidth of the transmission,
filters are used, and these introduce some distortion of the signal.
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FM differentiator demodulator
B

The ideal FM detector converts the FM signal‘s instantaneous frequency o
to an amplitude that is proportional to ..

Differentiation performs FM to AM conversion

t
Input: ¢, () = A cos(at+6(t)) = A. cos[a)ct +k, I m(A) d/l]

t
Output: dpey(t) _ d {AC cos[mct+kfjm(l)dﬁ)

dt  dt
q f . t A Both AM
Pen(t) _ ~A. (a)c + kfm(t)) : sm[wct +k; J m(A)dA |y and FM
dt i
0 /| included
APy (t)
dt R T3
Pem (t) - i Envelope (ACCOC +A€ﬁ{’f.( f,))
- | g dt Detector After DC removal
Limiter Differentiator AM allows the

envelope detector
to be used
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Limiter
N

For an envelope detector to work well the FM signal’s amplitude
should be constant or flat. We can accomplish with a “hard limiter.”
Factors such as channel noise, interference and channel fading result
in amplitude variations in an FM signal’s amplitude at the receiver.

Ideal limiter
| » characteristic

T nananananinn - ouput of

o JUDUUDNUDOLEOE  miter
A t —
:=: t Pem (t) = Band-pass
— z —_— —|  Filter |——>

[ — @ o

gg Limiter ‘ f\(r)r:‘:lti::zle

:: / Output

— . " |
e 0, (t) x(t) = @, (1) = ;{cos(a)(..t)+kftj_r m(/l)dl}
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Differentiator
S S

—| —
7 + +

Differentiator C R x(1) Envelope 1)

at low frequencies - Detector d
© —0

H(jo)= JoRC _ _J(0] @) where @, = 1

T4 joRC 1+ (0] 0y) RC
Forw << @, = R:I_C; then H(jo)= joRC

Multiplication by jo in the frequency domain is equivalent
to differentiation in time domain! The high-pass filter acts
as a differentiator for an FM signal. Therefore,

y(t) = A.o.RC + A, RCk.m(t)
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1G Handphones

S S
1G analog cellular telephone (1983) — AMPS (Advanced Mobile Phone Service)
First use of cellular concept ...
Used 30 kHz channel spacing (but voice BW was B = 3 kHz)
Peak frequency deviation Af =12 kHz, and
B; = 2(Af +B)=2(12 kHz + 3 kHz) = 30 kHz
Two channels (30 kHz each); one for uplink and one for downlink
Used FM for voice and FSK (next slide) for data communication
No protection from eavesdroppers!

Successor to AMPS was GSM (Global System for Mobile) in early 1990s
GSM is 2G cellular telephone

Still used by nearly 50% of world’s population (as of 2017)
GSM was a digital communication system

Modulating signal is a bit stream representing voice signal
Uses Gaussian Minimum Shift Keying (GMSK)

Channel bandwidth is 200 kHz (simultaneously shared by 32 users
This is 4.8 times improvement over AMPS
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Phase-Locked Loop (PLL)

@ A Phase-Locked Loop (PLL) is a feedback system commonly used in
carrier synchronisation and frequency demodulation

@ It consists of

© Voltage-controlled oscillator (VCO) - an oscillator whose frequency

varies linearly with its input voltage v(t), centered around some free
running frequency fo

f(t) = fo+cu(t)

@ Multiplier - serves as a phase detector

@ Lowpass loop filter - remove the high-frequency components of the
multiplier output

FM wave
(1) > 0l Lo 10

filter

Voltage-
controlled
oscillator
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PLL - carrier synchronisation

@ Lets look at the carrier synchronisation application of a PLL

@ Let the input to the PLL be Asin(w.t + 6;), and the output of the VCO
be B cos(w.t + 6,)

@ the output of the multiplier is

x(t) = ABsin(w.t + 0;) cos(wet + 60,)

= £ sin(0: — 6,) + sin(2uwct + 0; + 0,)]

the loop filter will suppress the double frequency component, leaving

v(t) = % sin(fe) 6. =6; — 0,

where 6. is the phase error
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PLL - carrier synchronisation

@ suppose the PLL is locked, that is the frequencies of the input and output
sinusiods are equal

@ thatis 6;, 8, and 6. are constant

@ suppose that the input sinusoid frequecy increases to w. + k, that is the
incoming signal is Asin(w.t + 6;), where 8; = kt + 6;

@ this will increase the error signal v(t), which in turn will increase the
frequency of the VCO output to match the increase in the input frequency

@ thus the PLL tracks the input sinusoid - the signals are phase coherent, or
in phase lock

@ the PLL can track the incoming frequency over a finite range of frequency
shift - called the hold-in or lock range.

@ if initially the input and output frequencies are not close enough (not in
the pull-in range), the PLL may not acquire lock.



PLL - FM demodulation

@ now we will examine the application of PLL to frequency demodulation

FM wave e(t) Loo
P |t U ([
5(4) : QQ . filter vin

M)

Voltage-
controlled
oscillator

@ Let the incoming FM signal be s(t) = A.sin[27 f.t + ¢1(t)], where the
d1(t) = 2mky fnt m(T)dr
@ Let the VCO output be, for some amplitude A,,

r(t) = Ay cos[2m fot + ¢2(1)]
with .
o(t) = 27k, v(T)dT
62(t) = 2k, [ 0(r)

where k, is the sensitivity factor of the VCO

@ the function of the feedback loop is to force ¢2(t) to equal ¢1(t)
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PLL - nonlinear model

@ The output of the multiplier produces two components

Q knAA sin/dn fet + ¢1(t) + ¢2(t)] (suppressed by LPF)
Q kmAcA, Siﬂ[QSl (ﬁ) — P2 (f;)]

where k,,, is a multiplier gain

@ Disregarding the double frequency component, we have that the error
signal e(t)
e(t) = kmAcA, sin|¢e ()]

where the phase error ¢.(t) is given by
Pe(t) = ¢1(t) — P2(t)
= ¢1(t) — 27k, /t v(T)dT
0
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PLL - model 2

@ denoting the loop filter impulse response by A(t), its output is given by

v(t) = /00 e(t)h(t — 7)dT

@ The PLL is thus described by the following differential equation

.(6) _ d6n(®) e, [ z sin(¢e(T)h(t — 7)dr

where we defined the loop-gain parameter Ko = kny Ac A,

211‘1(0

sin () 4)&9 Rt} o

I
fdr
0

= (3]

O—5

M
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PLL - Linear Model

@ when ¢.(t) = 0 we say the PLL is in phase-lock

@ when ¢.(t) << 1, the PLL is near-phase-lock, and we can approximate

sinfp (0] & 6.(t) () = 2260

@ this allows us to linearize the model

doe(t)
dt

do1(t)
dt

g o
2wk,
h(z) ‘:é}, > vil)

+ 27K, /m Ge (T)R(t — T)dT =

EWKG
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PLL - Linear Model

@ Let us define the Fourier transform pairs ¢.(t) = ®.(f), ¢1(t) = P1(f),
h(t) = H(f)

@ Transforming the linearized loop equation into the frequency domain, we
can show that the loop is described by

1

@.(f) =

where L(f) = Ko% is the open-loop transfer function of the PLL

@ Note that if L(f) >> 1, ®.(f) = 0, that is phase lock is established (our
objective )
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PLL - Linear Model

| @ We also note that
V(f) = 5 CH(D(])

- gL(f)(be(f)

_ (Gf/ko) L(S)
1+ L(f)

®1(f)

@ Once again, making |L(f)| >> 1 we have an approximation

Vi) ~ L)
which after inverse FT, results in

1 dén(®)
v~ 5

@ thus, provided |L(f)| >> 1, the phase-locked loop acts as a differentiator
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PLL - Linear Model

@ at last, noting the relation of ¢1(t) to m(t), we have that the output of
the PLL is

o(t) ~ E—im(t)

@ The complexity of the PLL is determined by the transfer function of the
loop filter, i.e. H(f)

@ A first order PLL is one for which H(f) = 1, that is no loop filter

@ for higher orders, the order of the PLL is the order of the denominator of
the closed loop transfer function

@ the main limitation of the first order PLL is the hold-in frequency range,
that is the range of frequencies for which the loop stays phase-locked

@ first order PLLs are rarely used in practice
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