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@ Thus far we have covered analogue modulation techniques: namely 4
types of amplitude modulation and 2 types of angle modulation (focusing
mainly on FM)

@ [t is time to go digital. The conversion from analogue to digital is
accomplished in two steps:

@ sampling - the conversion of a signal from continuous to discrete in
time

@ quantization - the conversion of the signal samples from continuous
to discrete in amplitude

@ following step 1, we will consider transmission schemes of sampled (but
not quantized) signals

o Pulse Amplitude Modulation (PAM)
o Pulse Position Modulation (PPM)
o Pulse Width Modulation (PWM)

@ PAM, PPM and PWM are analogue modulation schemes

@ as we will see, the sampling process is lossless (if done correctly)
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@ the transition to digital is complete following the discretization of the
sample levels

@ this process is lossy, and as a result there are a different methods aiming
to reduce the loss of fidelity

@ following the discussion of quantization, we will consider techniques of
transmitting digital data over a communication link, which is intrinsically
analogue

o Pulse-Code Modulation (pulses denoting bit values)
o Delta-Modulation / Delta-Sigma Modulation

@ In PCM, there are a number of ways to represent the bit sequence using
pulses - these are called line coding
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@ Having discussed the digital signal representation and transmission, we
will then look the receiver methods

@ in order to recover the digital content, the incoming waveform (pulses)
must be sampled, and the sampler output interpreted as binary data

@ we will consider the detection of pulses corrupted by additive noise

@ this will lead to a key result in communication theory: Matched Filter
receiver

@ we will consider how to design the pulses to mitigate dispersive effects of
the channel - Intersymbol Interference (ISI)

@ this will lead another key result: Nyquist’'s Criterion for Distortionless
Transmission
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Qutlines
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Background: Sampling
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Pulse Position/Width Modulation
Background: Quantization

Pulse Code Modulation

Line Codes
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Why digital? The need for sampling
S
Digital is more robust than analog to noise and interferencef
Digital is more viable to using regenerative repeaters
Digital hardware more flexible by using microprocessors and VLSI
Can be coded to yield extremely low error rates with error correction
Easier to multiplex several digital signals than analog signals
Digital is more efficient in trading off SNR for bandwidth
Digital signals are easily encrypted for security purposes

Digital signal storage is easier, cheaper and more efficient

o e N o Uk W N R

Reproduction of digital data is more reliable without deterioration

=
o

. Cost is coming down in digital systems faster than in analog systems
and DSP algorithms are growing in power and flexibility

T Analog signals vary continuously and their value is affected by all levels of noise.



Picture: Practical sampling process 1-8
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Background: The Sampling Process

@ Recall that a signal that is bandlimited to B Hz, that is
G(f) = 0 for | f| > B can be reconstructed exactly from its samples taken
uniformly at a rate of f; = 2B Hz.

@ Note that the above applies to low-pass signals; a signal with spectrum in
fe— B/2 < |f| < fe + B/2 band also has a bandwidth B, yet requires a
different sampling technique.

@ Let's look a the details...
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Remember this...

1
An absolutely band-limited waveform can’t be absolutely time-limited,

and

an absolutely time-limited waveform can’t be absolutely band-limited.
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Background: The Sampling Process

elr)

@ Consider a continuous signal g(t), which is

sampled at a uniform rate (fs = 1/7%), once
every T seconds \/
(@)

@ The sampling process can be accomplished by
multiplying g(¢) by a impulse train dr, (%) By, ()

@ The resulting sampled signal g(¢) can be 1 T r T I 1 I T T
mathematically described by a periodic sequence

of Dirac delta functions, weighted by the values

19(nT5)}

g(t) = g(t)or, (1) = Z g(nTs)o(t — nTs) | ‘ { f -

n=—00 ‘..} j 1
(d) L




The sampling process
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Baseband
“band-limited” G(f) of M(f)
spectra of L
bandwidth B / \
288 | 288  —
o g f—
(h)

G(f) consists of G(f), scaled by the

constant 1/

T, repeated periodically

with period f, = (1/7) as shown here.
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The Sampling Process

@ one can show that g(t¢) has a Fourier transform of

30 =7 Y G —nf)

n=—oo

@ That is, the process of uniformly sampling a continuous-time signal results
in a periodic spectrum with the period equal to the sampling rate

@ Thus, provided that G(w) = 0 is bandlimited to B Hz, the original signal

g(t) can be recovered by passing g(t) through an ideal lowpass filter of
bandwidth B Hz.
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Side note on Fourier Transform:

S
The Fourier transform (i.e., spectrum) of f(?) 1s F'(w):

F(@)=F{f(t)) = jf(z)e-fmfdt

f(0)=F{F(w)}= E j F(w)e'"dw

Therefore, f(t) < F(w) 1s a Fourier Transform pair
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The Sampling Process

@ The sampling theorem states that A band-limited signal of finite energy,
which has frequency content less than B Hz, is completely described by
(and can be completely recovered from) the values of the signal at times
separated by 1/2B seconds

@ The sampling rate of 2B samples per second, for a signal bandwidth B, is
referred to as the Nyquist rate

@ The reconstruction of g(t) from gs(t) is accomplished by passing the later
through an ideal lowpass filter

@ This is equivalent to a convolution of gs(¢) with a sinc function
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Maximum Information Rate

@ The sampling theorem allows us to derive a key relationship of
communications: the maximum rate (for binary transmission) of
information that can be transmitted over a channel with bandwidth B Hz.

Theorem (Maximum Information Rate)

Given a noiseless channel with bandwidth B Hz, we can transmit a maximum
of 2B independent, error-free pieces of information per second.

@ If a rate of signal transmission is 2B then signal with bandwidth no
greater than B is sufficient to carry the signal rate.

@ Assuming no noise, a channel of bandwidth B Hz can transmit a signal of
bandwidth B Hz error-free.

@ Note however, that this can be extended by using M signal levels to
represent multiple bits (ex Quaternary, i.e. M = 4), making the limit
C' = 2Blog, M (more on this later)

@ Recall that for a noisy channel, Shannon tells us C' = Blog,(1 + SNR)
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More explanation: Sinc
—

Gi(f)

sinc function G,(f)

| l
TZ gz(t)Tz @
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Narrower <spectriim corre<snonds to wider niilce
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FT of periodic pulse train

8(t)

|

—

-T /2 0 1/2 T'

(a)

G(f)

sinc function envelope

ARl 0\ .

i+¢t' 0 __\L_*1+' f

w  fi=(1/T)

For a pulse train we have discrete frequencies (rather than a continuum
of frequencies) spaced as (1/7) from each other. Thus, we have a comb
of sinusoids at ... -2f,, -f, 0, f, 2fs, . . ., with amplitudes given by the
sinc function associated with pulses of width .
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FT of sampled signal

8(t) . Band-limited
S spectra of
bandwidth B

At f=0 the

) "
amplitude

isA/T;
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Can g(t) be reconstructed back from 120

samples?e
-_

Answer: Yes, assuming no overlap, meaning that f. > 2B, so the
the sampling interval 7. must be < (1/2B).

Minimum Sampling Rate:
The Minimum Sampling Rate f. = 2B is the Nyquist rate.
Oversampling occurs when the rate exceeds the Nyquist rate.

Interpolation:

Signal reconstruction is called Interpolation. We can recover
2(t) by sending the samples through a band-limited filter of
bandwidth B (Hz).

How we do this is illustrated in the next slide . . .
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ldeal interpolation (graphically)

1
Pass the samples through band-limited filter:
. h(t) Note:A
H(7) o ' noncausal
I Ideal Unit impulse impulse
band-limited response /(t) response
filter -1 1
2B\, /2B
o . "
B = N \VARE v
(a)

(b) t —

Sampled signal
Blt) oo

Reconstructed signal 2
& A collection

—— i) of sinc (t)
] functions
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ldeal interpolation (mathematically)
N

Mathematics for the previous slide in reconstruction of g(t):

h(t) = 2BT, -sinc(27Bt)
At the Nyquist rate, with 2BT, = 1, then A(t) becomes
h(t) = sinc(27Bt)

8(t)= Zklg(kTS) h(t—=kT)
g(t) = zk; g(kTy)-sinc[27B(t —kT)]



Example: Reconstruction of non-ideal

samples
—

Impulse functions are not physically realizable, so a sampling pulse can
not be truly instantaneous. Here p(t) is the reconstruction pulse.

Convolution operation

, & J
S

5= g(nTy)plt—nTy)=p(#) [Zgw )o(t—nT )}
= p(t)* g(t)
g(t) p(t)

\

§ —o

]

0

§ o=t

[\ R
o Yl




Example: Reconstruction of non-ideal

samples
-_

To reconstruct g(t) from non-ideal sampling, we must filter g(t) by using
a special filter known as an equalizer. In the frequency domain,

G(f)=P(f) ZG(f 1f;)

We denote the equalizer’s transfer function as E(f). The operation we
use is to apply the filter to G(f), hence

G(f) = E(f)G(f) = E(f)P f)—ZG = nf;)

511

This relationship shows that the equalizer must remove all the shifted
replicas G(f — nf,) in the summation except for the low-pass term at n = 0.

— | Equalizer ——»
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Signal recovery observation

]
_8()
Generally we use short pulses of duration N\
T, to sample a function g(t). This does a B I,
better job of signal interpolation without
excessive demands upon an equalizer s : -
filter. In fact, often the equalizer can be - JJ, t
omitted. T,

In practice it is impossible to precisely recover a band-limited signal g(t)
from its samples, even if the sampling rate is higher than the Nyquist
rate.

The sampling theorem rests upon the signal being strictly band-limited.
All practical signals are time-limited, therefore can’t be precisely band-
limited.
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Sample and hold circuit
B

Basic sample and hold circuit and general waveform

Sampling  Discharge Holding
Switch Switch  Capacitor

+ O— I *» O +
= Note: The RC time constants
l C ~ are not shown in figure.
g(t) Va1 v -1 g(t) Also, the samples are flat-top
G2

samples of duration 7, seconds.

L
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Aliasing (or spectral folding)
—

Because signals are not band-limited, they have long tails in the frequency
domain as shown in G(f). Sampling at higher rates does not eliminate spectral
overlapping of repeated spectral cycles as shown in (b).

G(f)
Fourier transform
of waveform g(t)
0 f o
(a) Note the spectra cross at
Reconstruction filter G(f) Frequency f; /2 = (1/2T) Hz.
H(f) I Sample signal
\ spectrum
b
0 a) —-
-0 -, /2 Lost tail is /2 \ @
folded back Lost tail
o A -f./2 f./2 £ R

Ao TmEln O - TNomem At aadd DONO = D11 (W)



1-28

Another view of Aliasing
—

1 Y(w)

fs > 2fm
/\ /\ /\ /\ﬂwer 5ﬂmpling
2Ws ’

=W 0 s

T Yiw)

fa = Efm
perfect sampling

-Ws 0 Ws 2Ws

fs < Efr.n
/y W\ under sampling
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What can we do to avoid aliasing?
1l o -----_--.-""."".".""2"

We can oversample, that is, we can sample at a rate exceeding the Nyquist
rate. This is illustrated below:

G(f)
Filter | Sampled at Nyquist rate
B | B, j
f, d

G(f)

|__. Sampled above Nyquist rate

AAAMNDAAM

Relaxed requirement
on the filter used.

Filter
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What can we do to Reduce aliasing?

We could place an anti-aliasing filter in front of the sampler.

Reconstructed filter
1 4 | Folded tail distorts
i lower frequencies
Reconstructed spectrum - i
G, (N { Lost tail results in loss
¥ | .~ ofhigher frequencies
.__,,-'" -.4__‘-
-2 O 0.2 P o
t f t
12 f2 x5 Jre

Anti-aliasing filter

—> H,.(f) —» Sampler [—
8(t) 8u(t) 8ul(f)

Reconstructed filter
1 > Sample signal
iy RS . spectrum
Reconstructed spectrum i £ ! 5
(no distortion of lower frequencies F 4 / 7
. . . s “f ra
'\\_'/_,-". ‘-._‘. 1 ..r"'! \\' '__..‘
L _P'J-l 1 ““‘- +
— s —wW 2 0 {cl,.f’.?',‘f Wy g
\Lost tail maultsin loss
of ki ghes fraquenciss
T T T
#s2 142 5 e

®
After Lathi & Ding, 4" ed., 2009; p. 311.



Multiplexing and demultiplexing

Time sharing a transmission medium.
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e Time
11 S . s =
. Q Division
2 [
| : Multiplexed
| |
g . \ (TDM) Output
& ;
Mutiple Data Data Selection Single Data
Inputs (Switch) Output
Low-pass Low-pas_s
(anti-aliasing) (reconsruction)
Message filters filters Message
inputs ——— outputs
1 ——> LFF \ ___________ e e ke / 2 e
/
~- \\ 7/ -~
/ //K‘ Pul c icati Pul 4 ‘ \
ulse ommunication ulse
2 ——> LPF ’l\ J modulator [  channel > demodulator \ /’ > LPF i
A > :
R
N LPF Commutator T T Decommutat LPF | > N
Clock pulses Clock pulses
MUX

DEMUX
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Time Division Multiplexing

@ An advantage of pulse modulation is that it allows for simultaneous
transmission of several signal on time-sharing basis

;:Itn T

el

s -

@ Simultaneous transmission of multiple signals = multiplexing

@ Simultaneous transmission by time division = time division multiplexing
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Pulse Amplitude Modulation (PAM)

@ Pulse-Amplitude Modulation (PAM) is a transmission method where the
amplitude of regularly spaced pulses is proportional to the corresponding

sample of the message signal
gl
J\.\
| \L\_L/l/f. i
(a)

Tpr—

(b

@ There are two operations in the generation of PAM signal
@ instantaneous sampling of m(t) at the sampling rate f; = 1/7%,
chosen in accordance to the sampling theorem
@ lengthening of the duration of each sample to some constant value
T < TS
@ these operations are jointly referred to as sample and hold

@ why bother lengthening the samples? lengthening of the samples in
necessary to avoid excessive channel bandwidth, since bandwidth is
inversely proportional to pulse duration
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Pulse Duration Modulation / Pulse Position Modulation

@ In pulse-duration modulation
(PDM) the samples of the &0

A
message signal are used to vary | \f\
the duration of the individual | \l\_/l/ =-
pulses @ !

@ this is often referred to as ﬂ ”"
pulse-width or pulse-length S
modulation ” “ U "

(b) .
Pulse locations

are the same but
their widths

@ In pulse-position modulation -| |_| |—| |_| ” " II || n:_' -
()

(PPM) the samples of the

message signal are used to vary Pulse widihs ae
- . - T : ~ the same but
the position of the individual ] n ” ” ” ” ﬂ "" hei ocaions
] ; 4 change.
pulses ——

o (a) message, (b) PAM: (C) PWM: (d)
(d) PPM
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Pulse Code Modulation - Preview

@ In digital systems, the pulses constituting PAM need to be converted to a
binary data stream

@ PAM amplitudes can take on an infinite number of values, which must be
guantized into a finite number of levels

@ These are then converted to binary and used to encode a pulse stream (in
any number of ways)

@ The resulting process is referred to Pulse Code Modulation (PCM)

—»| LPF [—»| Sampler P Quantizer f—» Rl >
encoder 1 0 1 1
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Typical PCM communication system

continuous-
fime message

Source of

signal

Distorted PCM
signal from

Low-pass
filter

I PCM signal
—3» Sampler = Quantizer == Encoder == transmitted
: to channel
____________________________________ |
Transmitter
______________________ |
Regenerative Regenerative | Regenerated
repeater [ >  repeater —|+I PCM signal sent

, along channel

imperfect channel

Final
channel =
output I

»| Regeneration

circuit

Reconstruction
filter

Recerver
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Analog to digital conversion process

amplitude

Three Step Process

A A
E + T E R 0100101101011001
time £ 'm T o I time 3 il time 1110101010101000
: U‘L > l::> 5 0100011000100011
H '. l w LL 0101001111010101
. } 1110110111010001

'

Quantize Encode

Digital
Signal Captured Quantized Signal
Sampled Data Sampled
sampling Values  quantizing  Data Encoding
selects the chooses the assigns binary
data points amplitude numbers to
_ we use to Discrete values used Now have thcrse Now have the
{\nalog_mgnal create the time values: to encode discrete amplitude digital
is continuous | digital data | few amplitudes Values in values data which

in time & from analog both time &
amplitude signal amplitude

is the final
result

Note: “Discrete time” corresponds to the timing of the sampling.
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PC in picture

N
Pulse-code modulation (PCM) is used to digitally represent
sampled analog signals. It is the standard form of digital audio
in computers, CDs, digital telephony and other digital audio
applications. The amplitude of the analog signal is sampled at
uniform intervals and each sample is quantized to its nearest
value within a predetermined range of digital levels.

Four-bit coding
(16 discrete levels)

O=-2NWkhOO~N®O
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Example:
N

Digit  Binary equivalent  Pulse code waveform

0 0000 TEEY
! 0001 S8 8w
2 0010 ey
3 0011 ———
4 0100 —_——
s 0101 e
" 0110 &Q\?' -l -
7 01 Q’.\.'b plon
8 1000 A
9 1001 an B au
10 1010 Bgig
n 1011 e
12 100 B
13 11 ———
14 110 ———
15 1 anaz
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@ The process of quantization is a lossy one - associated with it is
quantization noise

@ The analog signal samples are rounded off to the closest permissible
numbers - quantization levels

m, =

m(r) YN

-
-
.
-
.
’
*
.,
.
*
g
.
-

Quantized samples of mf(t)

Allowed quantization levels

L

'
t

-------

s il e b et e Al ks il el s 2R B o

-, =

@ The analog signal m(t) is assumed to lie in a range of (—m,, m;), which
is partitioned into L subintervals of width Av = 2m,, /L

@ Each signal sample is rounded off to the midpoint of an interval, resulting
in one of L values
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@ One can show (see Lathi) that the quantisation noise power by N, that is

2

m

D

No =31

—

@ The desired signal power is So = m?(t), and thus the signal to noise ratio
(SNR) is

So _ S0 _ gr2mi(t)

No Ng m2

@ The SNR is an measure of the quality of signal.

@ The above includes only contribution of quantization noise, but later we
will consider other sources, such as noise introduced by the channel
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Quantization noise

]
Quantization noise ¢q(t) =m(t)—m,(t)
p— After Haykin & Moher, 5t ed., 2009; page 258.
gy . 1 Input wave

2 Quantized output Y,

Magnitude —

Difference between
curves 1 & 2

Quantization fluctuation or “noise”
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More details: Quantization noise
B

_ Zmp
L

The quantized levels are separated by

The maximum error for any sample point’s quantized value is at most Y2A.

The “time average” mean-square quantization error is

2 2
qz :<q2>: mr’ :(A) .
307 12
Let N, =¢°. Thus, N is proportional to the fluctuation of the error signal.
This is usually called the quantization noise power.

Next we define m(t) = m,(t) + g(t).

The signal (or message) power S, is proportional to the mean square of m(t),

m> A2
S, =0 = <m2(t)>; and if m(t) is sinusoidal, S, = 2p _ zm

Note: < - ) denotes a time average.



1-45
Where Does (A2/12) Come From?

P(q)?t

Probability
Density
Function A A q

2 2

1
A

This assumes the quantization error is uniformly distributed.

A2 3 3 3 5
1 (@) a2 1[(aY (-aV] A
(@) LA 1 5(3]-5;2 3.«3{ ) (7 12

But, N,=q"=(q")=E(")
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SQNR

We want a measure of the quality of received signal (that is, the ratio of
the strength of the received signal power §, relative to the strength of the
noise power N, due to quantization).

This is the Signal-to-Quantization Noise Ratio (SQNR) and is given by
m” (t m’ (t
N m7
q P
¥

m
| o (m* (1))
It is usually expressed in decibels, Note: — | =

P

2
SQNR , =10-log,, [%J =10-log,, [%}

q

Conclusion:

To reduce the quantization error relative to the message signal level, use
smaller quantization steps A.
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@ The process of quantization can be described by a mapping called
quantizer characteristic

@ it Is a staircase function

Output Output
level level
4| 4
) 2l
| l | | Input ] | I | Input
-4 =2 0 2 4 level -4 2 0 2 4 level
2 2
4 -4 |-

@ Uniform quantizers have equally spaced representation levels



1-48

Nonuniform Quantization

@ The SNR depends on the number of quantization levels, and also on the
signal power.

@ In practice the signal power varies greatly

@ For speech signal most of the time the amplitude is low, resulting in low
(poor) SNR

@ A common solution to this is to use non-uniform quantization steps

@ this is equivalent to passing the message signal through a compressor

My =

Quantization m(r)

levels

e ——— ———

N —

—— — — — —

; Uniform{ 4y :
~l—b R =
et f I
_1/—' b : =
. i l 1

(a) Nonuniform

|

|

: o oAl |
Sl T L___ :
|

|

|

|

|

]

e e ——— —————————
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Dilemma of strong and weak signal
N

levels Strong Signal  Weak Signal
/ I
15 1S
/ 14 I 14
13
12
11
/ \ o »
L —= - T—

7 6

6 5

g Kl

4 3

3 2

’ 1

1

0 0

(a) Linear encoding (b) With non-linear encoding

o Linear >4 Compressed >

Note different encoding levels on each side.
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How to solve? Use a “compandor”
—

2 . - )
Non-uniform quantization....process

» At the transmitter Uniformly quantizing the “compressed”
signal.

» At the receiver, an inverse compression/expansion
characteristic, called “expansion” is employed to avoid
signal distortion.

compression+expansion [j companding

Compression Restoration
y+C (m) m(t)
m(t) y(1) $(1) mt)
X y
Jompress Qauntize - . Expand p

TR Channel Receby
@ V. S. Hendre DepdWMSIMEHEE TCOER, eceiver

Pune /
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Companding laws

A-Law Companding (Europe) u-Law Companding (North America)
1.0 1.0
A’é 0.8 AE’ 0.8
> >
S 0.6 S 0.6
g 0.4 45 0.4 M= 5
8 8 ~ p 1
3 0.2 > 0.2 V o
@) o e 0
| | 1 1
0 02 04 06 08 1.0 0 02 04 06 08 10
Input (m/m),) Input (m/m))
" A ( m] for 0< m _ 1
J= ——ly | m m
L+log, Al m, m, A Y= log, |1+ 52 | for D254
/ log,(1+ u) m m,
A Am 1 m 4
y=———l1+log. | — || forr —=—=<1
1+log, A L m, A m,
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A-law shown graphically
—

ENCODER OUTPUT
128 /
112

96

A=87.6 e
64
48

3
o 32

16

7¢

243 16 32 64 INPUT BIGNAL 128
LEVEL

SEGMENT NUMBER
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Flattening the SNR ratio

I
For optimal S/N,, ratio in North America p = 255 is used.

An approximately constant S/N, ratio is the most desirable.

0 10 20 30 40 50 60

Relative signal power §, (dB) —
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Nonuniform Quantization

@ For a p-law compandor, the compression curve is is given by

_ log(1 + pm/my)
YT log(1+ )

@ the parameter i dictates the amount of compression and is typically
grater than 100.

@ The resulting SNR is practically independent of the input power

So 3L°

ot

No (1 + p)P?
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Pulse-Code Modulation

@ Pulse-Code Modulation (PCM) - transmission of a message using
sequence of coded pulses representing the sampled and quantized signal

@ at the transmitter

© low-pass filtering: used prior to sampling to prevent aliasing of the
message

@ sampling: sample the message at a rate of twice the message
bandwidth

© quantization: use a quantizer (usually non-uniform) assign the
sample values to discrete levels

@ encoding: represent each discrete level in binary form

@ PCM is obtained from quantized PAM signals, by encoding each
quantized sample onto a digital word
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Pulse-Code Modulation: example

@ Consider an example of PCM of an analog voltage signal
Code Quantization

number level
x(¢) (V)
7 3.5 _
6 2.5 —
5 1.5
4 0.5
1 1 t
3 -0.5 : ; —_— \L\ ~ —
_1 H—jlf ll — . $ + -
2 15 —+—— L
-2 — — ' N\
1 -25 —— F | —— —
-3 ; ! e -
0 -3.5 — » ‘
-4 ! ! - ‘
Natural sample value 1.3 3.6 2.3 0.7 -0.7 —2.4 -3.4
Quantized sample value 1.5 3.5 2.5 0.5 -0.5 -2.5 -3.5
Code number 5 7 6 4 3 1 0

PCM sequence 101 111 110 100 011 001 000



1-57

PCM bandwidth

In binary PCM, we have a group of n bits corresponding to L levels with
bits. Thus,
L=2" or n=log,(L)

Signal m(t) is band-limited to B Hz, which requires 2B samples per second.

For 2nB elements of information, we must transfer 2nB bits/second. Thus,
the minimum bandwidth B, needed to transmit 2nB bits/second is

B, = nB Hz

Practically speaking, we usually choose the transmission bandwidth to be
a little higher than the minimum bandwidth required.
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Exponential increase of the output SNR

So _ 3( <m2 (f)> ] 12 < : > denotes time average

2
Nq m,

The number of levels L can be expressed as L? = 2** where n = log,(L) and is
the number of bits to generate L levels. The SNR can now be expressed as

So 3{<W>}(2)2”

N "

q P

Using the expression for bandwidth, B.= nB, then we arrive at

S, _3[<?’”2(f)>](2)23,/3

N
Taking the logarithm gives

m? (t
(;—”]dﬂ =10log,, {%J =10log,, {3[< m(z )>H +10-2nlog,,(2)=(a+6n)dB

q q P
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Example: SNR

Given a sinusoidal modulating signal m(t) of amplitude 4, into a
load resistance R = 1 ohm, find the signal-to-quantization noise ratio

(sometimes called SNR):
2

P _A, andset m__=A

anve max m

Setting m,,,,, = 4

m

i—3[< (”>J(2) {313 ](2)2”—[ e

Nq m, -
L n SNR
. 32 5 31.8 dB
10- logm[NqJE(l 76+6n)dB ” 6 37 8 dB
128 7 43.8 dB
256 8 49.8 dB
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Example: Bandwidth
N

Problem: A band-limited signal m(t) of 3 kHz bandwidth is sampled at rate of
33% % higher than the Nyquist rate. The maximum allowable error in the
sample amplitude (i.e., the maximum quantization error) is 0.5% of the peak
amplitude m,. Assume binary encoding. Find the minimum bandwidth of the
channel to transmit the encoded binary signal.
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Solution:
B 5

Solution:
The Nyquist rate is Ry, = 2 x 3000 Hz = 6000 Hz (samples/second), but the actual
rate is 33% % higher, so the sample rate is 6000 Hz + (/2 x 6000) = 8000 Hz.

The quantization step is A and the maximum quantization error is plus/minus
A/2. Hence, we can write

A _m, 05
2 L 100

m, = L >200

For binary coding, L, must be a power of two; therefore, knowing that L =27 =
128 and 2% =256, we must choose n = 8 to guarantee better than a 0.5% error.
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Solution continue:
B

Having chosen n = 8 to guarantee < 0.5% error, to find the bandwidth required
we start with

Total number of bits per second C = 8 bits x 8000 Hz
= 64,000 bits/second

However, we know we can transmit 2 bits/Hz of bandwidth”, so it requires a
bandwidth B of

B;=C/2=32,000 Hz = 32 kHz

If 24 such signals are multiplexed onto a single line (known as a T1 Line in the
Bell telephone system), then

C;; =24 x 64 kb/s = 1.536 Mb/s; so the bandwidth = 768 kHz <«

A maximum of 2B independent elements of information per second can be
transmitted, error-free, over a noiseless channel of bandwidth B Hz.
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Example: SQNR

We are given a signal m(t) = 2-cos(2m-250 t) as a single-tone signal input.

(a) Find the SQNR with 8-bit PCM.
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Solution:

For 8-bit encoding, L = 2" where n = 8, therefore, the number of levels = 256.
The amplitude 4, of the sinusoidal waveform means that m, = 2 volts. The
total signal swing possible (- m, to + m ) will be 2m , = 4 volts, therefore,

the average signal power is P, =[(4,)%/2] = [2%/2] = 2 watts.

The interval A = [2m,/L] = 4 volts/256 levels = 1.5625 x 10 volt.

Now we can find the SQNR (signal-to-quantized noise ratio)

Using for the quantization noise N, = [A?/12], and taking P, = 2 W, the
SNR is given by

S0 || L :[12%): 22 |-98,304
NN, A% )" (1.5625%10°7)

SNR,, =10-log,,(98,304)=49.93 dB <«
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Example: Number of bits needed
—r

We are given a signal m(t) = 2-cos(2r-250 t) as the signal input.

(b) If the minimum SNR is to be at least 36 dB, how many bits n are needed
to encode the signal (i.e., find n)? Other parameters such as signal power remain
the same as in part (a) on previous slide.



Solution:

Note that 36 dB is numerically equivalent to 3,981.
Remembering that the interval is A = [2m,/L] and 2m, = 4 volts.

6 mf 24 , 24
3,981= — =—75, A"=——=0.006029 and A-=0.07764 volt
AZ A 3981
Therefore, we can determine the number of levels L and then find n.
2m 4
I = P= =515
A 0.07764
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The lowest integer number of bits n that will give at least 51.5 levelsisn= 6

because 2°=64 |evels. So the answer is 6 bits.
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A look at Line Code

1
A line code is an assignment of a symbol or pulse to each zero

or one to be transmitted. Digital data is represented by
baseband data formats known as line codes.

Sender Receiver

iiiiiiiiii
iiiiiiiiii

Digital Signal

| | 101011..10
- d 1011..
HER el il Data

=

B rhcoder

Digital Data

In other words. what shane will the waveform take?
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@ Strictly speaking, PCM as just described is a technique of digital
representation of analog information

@ PCM produces a sequence of bits - but bits themselves are not suitable for
transmission over a physical medium; we must represent the binary stream
as electrical pulses: this is the purpose of line coding

@ There is a variety of linecodes, and the choice will depend on the design
criteria. Some parameters/characteristics that differentiate the various

PCM codes:

absence or presence of DC component
noise immunity

bandwidth characteristics

error detection capabilities
synchronisation requirements
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Binary data

H 0 1 1 0 1 0 0 1
©Q Unipolar (on-off) Nonreturn-to-Zero

(NRZ): 1 represented by a pulse of amplitude ~__ ] _
0
|

A, 0 by absence of a pulse

@ Polar NRZ: 1 and O represented by pulses of @
amplitudes A and — A respectively ~. =

0
@ Unipolar (on-off) Return-to-Zero (RZ): 1 =
rectangular pulse of amplitude A for half the
symbol duration; 0 = no pulse \

@ Bipolar wrz positive and negative pulse of J |—| |—| |—| ﬂ
magnitude A use alternately to represent 1’s; | ©
0 = no pulse
. _ \ < 1
@ Split Phase / Manchester Code: 1 | 1 |
represented by a pulse of amplitude A

followed by a pulse of amplitude —A, both of \
half symbol duration; O represented the same ﬂi_ B ]

(b)

(d)

way but with the pulses reversed

(we will come back to line coding again in Lec 6)
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PCM Improvements

@ PCM inefficient- high data rate required
@ Improvements exploit the characteristics of the source signal

@ Analog messages contain a lot of redundancy in their sample values - in
other words, each sample is not independent.

@ Exploiting this redundancy significantly reduces the bit rate required to
transmit the message.

o Differential PCM (DPCM)
o Adaptive DPCM (ADPCM)
o (Sigma-)Delta Modulation
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Differential Pulse Code Modulation

@ Rather then transmitting sample value &, transmit the difference between
successive samples

dlk] = m[k] — m|k — 1]
@ The receiver, having previously reconstructed previous samples, simply

adds d[k| to obtain the current value

@ Key: the difference between successive samples is generally much smaller
than the samples themselves

@ Thus, the peak amplitude of the transmitted signal m, is reduced
significantly, consequently reducing the quantization noise (or required bit

rate for a fixed SNR)
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Differential Pulse Code Modulation

@ The scheme can be further improved by the system estimating/predicting
the kth sample value m[k] from several previous samples

@ The transmitter sends the difference between the estimate and the actual
value

d[k] = m[k] — [k]

@ The receiver, used the same method for the predicted sample m[k|, and
uses d|k| to obtain the true value mlk]

@ The difference between m[k] and m|k| is even smaller than between m/[k]
and m[k — 1], thus further improving the noise performance
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Differential Pulse Code Modulation

@ At the heart of the prediction techniques is the fact that a function value
can be expressed as an infinite sum of derivatives of that function at a
(different) point.

@ Taylor series:

2 3

m(t +T2) = m(t) + Torn(t) + rin(t) + 73% () + ...

~ m(t) + Tsmt for small T}

@ Letting m[k] = m(kTs), and noting that rm(t) = m[k]_g[’“‘”
m|k] — m[k — 1]

T

mlk + 1) = m[k] + Ts

= 2mlk] — m[k — 1]

@ This is a crude prediction of sample k + 1 from the two previous samples.

@ The approximation can be improved using higher order derivatives and
thus more past samples. General prediction formula:

mlk] = aimlk — 1] + aam|k — 2] + ...+ anm[k — N]|
mlk] = aimlk — 1] + aam[k — 2] + ... + anm[k — N]|
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Differential Pulse Code Modulation

m(k] = aym[k — 1] + agm[k — 2] + ... + aym|k — N]|

@ The above is an expression for the Nth order predictor
@ a; are referred to as prediction coefficients

@ This linear predictor is a transversal filter or a tapped delay line, with tap
gains equal to the prediction coefficients:

Input m[k]

Delay
—_—

T

Delay Delay Delay

e Delay
I, |1l s T

Ty

Y
Y

e
L

> Output m[k]

@ The above is a simple prediction technique. A more sophisticated one uses
prediction coefficients based on minimum mean squared error criterion
(more on this at the end of the course)
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Differential Pulse Code Modulation

@ Minor complication: the receiver operates on the quantized values of past
samples m|k — 1],mlk — 2|, ..., ie mgq|lk — 1], mq|k — 2],...

@ Thus, it can only calculate mg|k|, that is the estimate of the quantized
sample myg|k]

@ To reduce the error in reconstruction, the transmitter instead should use
the difference between the true sample and the quantized value of the
previous one, ie

d|k| = m[k] — 1mq|k]
@ This value must be quantized (and transmitted) giving
dglk] = d[k] + qlk]

where ¢g[k] is the quantization error.
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Differential Pulse Code Modulation

@ The predictor output is m[k], is fed back to the predictor, giving an input
of

mqlk] = mqlk] 4+ dg[k] = m[k] — d[k] 4 dq[k] = m[k] + q[K]

@ This shows that mg[k] is indeed the quantized version of m/[k]

m| k) d|k] d,,lk] To channel
A»CEP > Quantizer

AISK >
- Predictor
(a)
Input dylk] X Oulpul; mg|k]

> 2 >
n‘r(,lle Predictor /T

(b)
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DPCM SNR improvement

S
How much better is DPCM with regard to SNR?

To determine this, define m, and d, as the peak amplitudes of m(t) and
d(t), respectively. Assuming the same number of steps L for both, then
the quantization step A in DPCM is reduced in magnitude by d,/m,,

The quantization noise is proportional to (A)* — the quantization noise
power is reduced by a factor (cfl',_,/.«'nﬁ,)2 and the SNR is therefore increased by

(m,/d)*.
Maintaining the same SNR, the number of bits can be reduced.

Example:
The AT&T telephone system sometimes operates at 32 kbits/s

(or even 24 kbits/s) when using DPCM. [The telephone system was initially
designed to use a 64 kbits/second data rate.]
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Adaptive DPCM

Adaptive differential PCM (ADPCM) can further improve upon DPCM by
Incorporating an adaptive quantizer (variable A) at encoding.

The quantized prediction error d,[K]

is a good measure of the predicted m[k] - d [k]
. . Adaptive 1
error size — it can be used to change Quantizer
A which minimizes d,[k]. When d,[K] ¥ we
fluctuates around large positive o
or negative values, the prediction nth order
error is large and A needs to Predictor
increase, but when d_[k] fluctuates
around zero (small values), then A After Lathi and Ding,

th aditi .
needs to decrease. 4™ edition, 2009; page 345.

Example: An 8-bit PCM sequence can be encoded into a 4-bit ADPCM
sequence at the same sampling rate. This reduces the channel bandwidth
by one-half with no loss in quality.



Example of adaptive DPCM waveform

-
I
[
-

3
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Delta Modulation

@ Delta Modulation is a special case of DPCM

@ DM exploits the correlation between samples even further by oversampling
the signal which results in very small prediction errors

@ Such values of d,|k| can be transmitted using one bit only, ie L = 2
quantization levels. Thus DM is a 1-bit DPCM.

@ DM uses a first order predictor, such that mg[k] = mqlk — 1] + dy|k]

mlk] dlk] dylk)
—»—@—% Quantizer »

L B

A Y
mq [k=1] - + f"z"' 5
> ( ;,_._;
3
) r E
« Delay T malkl( | 3
(a)
dylk] mgl k]
g :

Y
mglk — 1 |L Delay Ts

(b)




Delta Modulation

@ Note that we have
mqlk] = mqlk — 1] + dg K]
and similarly
mglk — 1] = mglk — 2] + dg[k — 1]
which upon substitution gives
mglk] = mglk — 2] + dq|k] + dq[k — 1]

which, upon repeating iteratively, can be compactly written as

@ Thus, the DM receiver is simply an accumulator (or adder)
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Key attributes of DM
—r

1.

Delta modulation (DM) is the simplest method for analog-to-digital
conversion (ADC).

Delta modulation uses 1-bit per sampling period (T;) —it is a 1-bit ADC

Delta modulation requires a sampling rate much greater than the
Nyquist rate (commonly four or more times the Nyquist rate).

DM is closely related to differential PCM.
In DM we use a first-order predictor (one time delay T.is the predictor).
DM uses very simple hardware and is very low cost for that reason.

The transmitted output is a binary stream of £ A pulses at f.. It gives
a stepwise approximation m,(t) to the message signal m(t).
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Practical implementation of DM

Sampler
Comparator frequency / dglk)
mii) __{';__\ d(r) " :F dy(n
- - F
(1)
Integrator-
amplifier
(a)

Low-pass A .

filter

Amphfier-
integrator

(b)
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A DM transmission system

_
Pulse
™ Generator
S
m(() 1 H(t)

TP Channel
m) Modulator F——T7% - ‘Regenerator
Poll)
»{ Integrator j«—— u-lmlm

"i () Low Pass m (1) Integrator

N Filter (Detector)
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Example: PCM vs DM

Problem:

A one kilohertz (1 kHz) signal m(t) is sampled at 8 kHz with 12-bit encoding

for PCM transmission.

(a) How many bits are transmitted per second in in PCM? What is the
bandwidth required in this case?

(b) Now switch to using DM with 8 kHz sampling. How many bits are
transmitted per second using DM? What is the bandwidth required in
using DM?
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Solution:
B 5

Solution:
The signal frequency is f,, = 1 kHz and the sampling rate is 8 kHz.

(a) For PCM we have 8,000 samples per second and 12 bits per sample;
which equals 96,000 bits/second. The bandwidth is one-half of this
giving 48,000 Hz.

(b) Now for DM we have 1 bit per sample at 8,000 samples per second.
Thus, we have 8,000 bits per second and a bandwidth of 4,000 Hz.
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Sigma-Delta Modulation

@ DM essentially transmits the derivative of the signal; at the receiver, this
requires an integrator (adder).

@ This will result in the noise being accumulated - major drawback of DM

@ Solution: move the integrator from the receiver to the transmitter

Comparator

z Imegrator
+ - Sampler I ”_[
li} Tt f it Low-pass

1
= & pulse - _—
generator q filter

Receiver
Integrator
1
Transmitter J
(a)
Comparator
Integrator 5
- - Sampler I
myr) -
e 1 j: = & pulse - Low-pass |
' ; —E generator hiller
Receiver
Imegrator
Transmitter |
L1
(h)

Comparator

q: sapic | 1111 s
~E

Integrator

- b o & pulse -
P filter

generulor

Receiver

Transmitter

(4]



Summary table
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Parameter of Pulse Code Delta Modulation Adaptive Delta Differential Pulse

S.NO Comparison Modulation (PCM) (DM) Modulation (ADM) Code Modulation

(DPCM)
1. Number of bits Iltcanuse4,8, or16 | Itusesonly one bit [tusesonly one bit Bits can be more
bits per sample. forone sample forone sample thanone butare

lessthan PCM.

2. Levelsandstep The number of Stepsize is keptfixed | Accordingto the Numberoflevelsis
size levelsdependson | andcannotbe varied. | signalvariation, step | fixed.

number of bits. size varies.
Levelsize is fixed.

3. Quantization Quantizationerror | Slope overload Quantization noiseis | Slope overload
errorand dependson distortionand presentbutother distortionand
distortion number of levels granular noise are errors are absent. quantization noise

used. present. is present.

4, Transmission Highest bandwidth | Lowestbandwidthis | Lowestbandwidthis | Bandwidth required
bandwidth is required since required. required. is less than PCM.

numbers of bits are
high.

5. Feedback Thereisno Feedback exists in Feedback exists. Feedback exists.

feedbackin transmitter.
transmitteror
receiver.
6. Complexity of Systemis complex. | Simple Simple Simple

Implementation
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... another table

Bandwidth Highest required Lower than PCM




