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Digital Baseband Tansmission
N

Read Proakis and Salehi
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@ Previously we talked about the design of the overall pulse p(t) (ie that just prior
to sampling - combination of transmit filter, channel, and receive filter responses)

@ We established the zero ISI criterion for p(t) - Nyquist Zero IS| Criterion
@ We will now look at the effects of noise.

@ We will consider in detail the design of the receive filter, specifically with the aim
of minimizing the probability of error.

@ This will lead to the second fundamental result in communications theory - the
matched filter receiver
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Binary PAM

Input ) o Transmit | s(; xAl1) x(1) Receive | v(t) =~ i) . P—>Say lifylr;) >A
it LR arss:istide : kl:: filter —“:- Channel, | 0 filter ——==0 l D;:ﬁéc;n
c{‘;t;; modulator glt) ha) cle) Sample at —= Say 0 if y(r;) <A
i time fj = ITb +
T White
Clock Gaussian Threshold A
pulses noise wit)
je————— Transmitter =} Channel >l< Receiver >

@ Consider a generic binary PAM, where the amplitude of the pulses is varied in
discrete manner according to the digital input data {bx}

@ The incoming binary sequence {by} consists of 1's and 0Q's arriving every T},
seconds; these are mapped onto a symbols {a}; let us assume the mapping of

+1 ifb, =1
—1 ifb, =0

ar —

@ These symbols 'amplitude modulate’ a transmit filter g(t) = G(f)

@ Note that these two steps are analogous to line encoding (which assumed
rectangular pulses), but with a pulse shape g(t)
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Binary PAM

Input ; : : —> Say 1 if y(r;) > A
: Pulse- {ap | Transmit | s() | o000 | %old) x(r) | Receive | y() Y4 | pecision i
tg:;ry > amplitude f——>-|  filter | w0 : bH > filter 0 O3 didica '
(by) modulator g(t) cla) Sample at —- Say 0 if y(1;) <A
C time ¢; = iT, ,r
T White
Clock Gaussian Threshold A
pulses noise w(z)
fe————— Transmitter >t< Channel > Receiver >

@ The output of the transmit filter is a sequence of pulses
oo
s(t)= > arg(t —kTp)
k=—o0

@ The signal s(t) is then transmitted over a /inear communication channel,
described by h(t) = H(f)

@ Ignoring noise (for now), the channel output is the convolution

x(t) = s(t) * h(t)
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Binary PAM

Input — Say 1 if y(z;) > A

binary an':[i;llﬁid I {ﬂkl-._ Tr?iTtsaTit s(n) Channel, xplt) x(r) R{feei(]:f ‘:e iy~ y() Decision
d[‘:"; modulator gl hla) cld) Sample at e —>= Say 0 if y(r;) <A
k

time fl: = ITb +
¢ White
Clock Gaussian Threshald A
pulses noise w(s)
pe————— Transmitter < Channel o Receiver >

@ At the receiver, channel output x(t) is passed through a receive filter, given by
c(t) = C(f), resulting in
y(t) = a(t) * c(t)

@ The filter output y(t) is sampled synchronously - the timing instants being
determined by a timing synchronisation unit

@ The samples y(ti) are interpreted by means of decision device - it determines the
best estimate ax of the data symbol ai, which is them mapped back to a bit
value (1 or 0).

@ Typically, this is done by comparing the sample value to a threshold: if the
threshold is exceeded, the symbol is assumed to be a 1, otherwise it is interpreted
asal
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Binary PAM

Input : i . — Say 1 if y(r;) > A
g Pulse- [a,} | Transmit (n (1) x(1) Receive y(e) yig) ! ¥ yiz;
binary__| o opiftude f—rae|  filtr [ OOl | T fiter [0 o] DecisiOn
c:?:ta} modulator 5(0) it cl) Sampie at T e
k time ¢; = iT;, +
T White
Clock Gaussian Threshold A
pulses noise w(r)
pe————— Transmitter > Channel ! Receiver >
@ NOTE 1: The effects of the channel are typically compensated for at the receiver
by an equaliser (a transversal filter, just prior to the Decision Device), such that
the equalised channel response is §(t) (no distortion);
@ We will discuss equalisation later on in the course, but for now we will assume
that the channel has been equalised;
@ NOTE 2: In his book, Lathi does not consider receive filtering in Chapter 7;
Instead the discussion is simply in terms of a an overall pulse shape, which he
denotes p(t).
@ Assuming an equalised channel, the overall pulse in the above system description

is p(t) = g(t) * c(t)



1-8

AWGN

Detection Errors

@ Typically, the noise in the system is assumed to have a normal (Gaussian)
distribution

P,.(n) = #e_ng’!%i

V2mo2

Pnfﬂ'J= II,— ¢ rJ!;"EU';\r
(b) o, V2w

\

-A 0 ’l’_-; 'Aji' i —=

@ The assumption of Gaussian noise comes from the central limit theorem - that is,
for a large number of sources of noise with different distributions, the sum is a
normal distribution.
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Additive White Gaussian Noise

@ The primary spectral characteristic of thermal noise is that its power spectral
density S(f) is constant for all frequencies of interest in a communication system

e the term white is used to indicate presence in all frequencies, as in white
light containing equal amounts of frequencies in entire visible spectrum

e the constant Ny has units of watts/Hz

e the factor of 2 is included to indicate that S(f) is a two-sided power
spectral density

@ The autocorrelation function is the inverse Fourier Transform of S, (f), and thus

Nos

Rn(1) = —-0(7)
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AWGN

@ Note that a Gaussian process X (t) applied to a stable linear filter H(f) results in
a random process Y (t) which is also Gaussian

@ The spectral power density of Y (%) is

Sy (f) = [H(f)I*Sx(f)
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Filtered AWGN

@ Consider white Gaussian noise n(t) with power spectral density Ny/2 passing
through an ideal low-pass filter of bandwidth B and unity passband amplitude.

Sl

2

5 |fl< B
S = 2
N(f) {O |f| > B - o] a !
the autocorrelation function of n(t) is Ryt
NoB
Rn(f) = /B &eﬂ“ﬁdf — Ny B sinc(2B7) /\
N B 2 ’ ’g ZL o ;_H\_/?FE‘

1;]
@ note that the autocorrelation function has zero crossings at 7 = +k/2B

@ thus if n(t) is sampled at 2B samples/sec the samples are uncorrelated, and
being Gaussian, also statistically independent
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SNR and Eb/No

@ The basic figure of merit in analogue communications is average signal power to
average noise power ratio: S/N (SNR)

@ In digital communications, we typically use a scaled version of SNR, namely
Ew/No

o Fj is the energy per bit = ST}, where T} is the bit (pulse) duration
e Np is the noise power divided by the bandwidth W : Ny = N/W

@ Denoting the bit rate by R = 1/T},, we have

Eb_STb_ﬁ E
No N/W N

R

@ Thus E,/Np is SNR normalized by the bandwidth and bit rate

@ One of the key performance metrics in digital communications is a plot of
bit-error rate P. versus Ej /Ny

@ It is typically plotted as log P. vs 10log,,(F»/No), and due to its shape is
referred to as waterfall curve
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Error Performance

Detection Errors

@ The received pulse, assuming binary transmission, is +p(t) + n(t)

@ At each sampling instant, sample value is y; = = A, + n where we let
A, = p(nT) is the pulse amplitude at the time of sampling

@ The decision device must estimate the transmitted symbol a; based on the
sample value

o Decide by, =1, (iear =1) if y; >0
o Decide b, =0, (ilear = —1) ify; <0
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Detection Errors

p(1)
A
p
|
|7
(a)
Signal with noise Signal
- —A,+n>0
\ (Detection error) P
/ \
\“{\\ // \Y
\ \ / ot
A+ >0
p j A+ n>0
—Ap +n<0 (Correct detection) (Corrlc’:ct detection)

(Correct detection) (b)
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Detection Errors

@ The decision error will occur if either

o by =1wassentbuty; = A, +n <0

e b = 0 was sent but y;

—A,+n>0

@ In the second case, the probability of error is

P(elbk = 0) = P(n > Ap) =

@ By symmetry, the error given 1 is

P(elbp, =1) =P(n< —A,) =

1 /m 6—92/202 dy:Q (ﬁ)
2To A,

g

1 —Ap o o2 A
Zﬂ'ﬂ‘[ v dy:Q(—p)

a

@ In the above we performed change of variable § = y/o to obtain the standard

form for the @ function
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Detection Errors

@ Thus, the total probability error is the average of the two

P(e) = P(e|lbx = 1)P(bi = 1) + P(e|bx = 0)P (b = 0)

o(2)-a(4)

where we assumed equal probability of the input bits P(br =0) = P(by = 1) = %
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Detection Errors

107! — —

Q(x) 107

}—

(d) x—>
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Matched Filter

@ Let p= %, and so P(e) = Q (%) = Q(p)

@ Because Q(p) decreases monotonically with p, we can minimize the probability of
error P. by maximizing p

@ In doing so, we will look at the optimum receive filter ¢(t) = C(f)

@ We will see that the p is maximized if ¢(t) is matched to the incoming pulse
shape p'(t) = g(t) * h(t) (that is the combination of transmit filter and the
channel)

c(t) = k'p'(tm — 1)

where t,, is the sampling instant.
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Matched Filter

@ Recalling that p(t) is the pulse shape prior to sampling, we will seek C'(f) which
maximizes

which represents the SNR at the sampling time t,,.
@ The pulse shape p(t) is the inverse FT

o= [ T PO

@ The instantaneous power of the filter output as

ol =| [~ Picwe 2
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Matched Filter

@ Now lets consider the average noise power after filtering

@ If the power spectral density of n(t) is Sx(f) (= 52 if white), the then filtered
noise has a power spectral density

Sne(t) = Sn(f)|C(f)|?

@ The average power of the filtered noise is thus

o= " Swi(f) df = / T sapICU) df

@ putting it all together, we have the signal to noise ratio

| inoper |
O TSI df

(1)
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Proof: Cauchy-Schwartz's Inequality

Theorem (Cauchy-Schwartz's Inequality)

For two complex functions ¢1(x) and ¢2(x) in the real variable x, satisfying the
condition

f 61 (z)|2dz < 0o and f o () [2dz < o0

we have that

‘/_D:O ¢1(x)p2(z)dx ° < /_Z 61 () |2da /_‘: ()P

with equality holding if, and only If,

O1(z) = ko3 (x)
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Proof: Matched Filter

@ Invoking Cauchy-Schwartz's Inequality on (1), with

P'(f)ei?ft
1\T) = =C Sn 2(T =¥ s
41(0) =X =COVED  0ala) =Y() = — 7=
we have
, I XY () dfP?
e f°° |X 2 df
S XGIE df [ V(PP df
= f:"’ X ()2 df
[Z |P'(F)] df
= [ wore=TEeas )
(3)

with equality iff X(f) = k[Y (f)]" or

kPl(f)ej%rfT * kp(_f)e—j27rfT
C(fI Sy =k =
) ) [ Sn(f) } vV Sn(f)
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Matched Filter

@ We have shown that SNR p? is maximized iff

kP (= f)e T
Sn(f)

C(f) =

@ This optimum receive filter is referred to as the matched filter

@ It depends on
e noise PSD S, (f)

e sampling time t,,
e incoming pulse shape P(f)

No
2

, 2 f“" , 28,
= — P df = ——
where F, is the energy of the pulse p(t).

@ In the case of white noise S, (f) =
the optimum SNR

, and matched filtering, from (2) we have

@ The matched filter is then simply

C(f) =K' P'(=f)e” 7" Ttm
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Matched Filter

o Taking the inverse FT we V\
obtain the impulse response | )

o(t) = F! {kfp(_f)e—jEﬂftm} A

=k'p (tm — 1)

rm*:rl_
@ In order to ensure a causal _//\
filter with the minimum

possible delay, we let T,

e(t) = p'(To — 1) ” N
C(f) =P'(=f)=e 771" -
Note: in reality, the C'(f) would be matched to the transmit filter G(f), and an
equalizer would be used to compensate for the effects of the channel H(f).
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Matched Filter

@ Returning to the probability of error P. = Q(p), we now have for the matched

filter, where pmax = 12%, and so
2F,

P, ZQ(pmax):Q ( TD)

@ The system error performance is thus a function of the SNR, regardless of the
pulse shape used (provided no ISI and ideal sampling instants)



