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* Introduction to Controller and Compensator in the
Feedback Control Systems.

e Controllers (e.g. Proportional Controller, Integral
Controller, Derivative Controller, Proportional-Integral
Controller, Proportional-Derivative Controller, and
Proportional-Integral-Derivative Controller).

 Compensators (e.g. Lead Compensator, Lag
Compensator, and Lead-Lag Compensator).

* |Introduction to Controller/Compensator Design.



Controller and Compensator

* Controller or compensator changes the behaviour of the
control system.

* Controller is an element whose role is to maintain a physical
guantity in a desired level.

 Compensator is an element for modification of system
dynamics e.g. to improve characteristics of the open-loop
plant so that it can safely be used with feedback control.

Input Error Output
Ge(s) —» Gp(s) >® >

Note: G, = controller or compensator and G, = plant.



Controller and Compensator

 Three main types of controller:

* P (gain or proportional) controller.

* D (derivative) controller.

e | (integral) controller.

 PD (proportional derivative) controller.

* Pl (proportional integral) controller.

* PID (proportional, integral, and derivative) controller.
* Three main types of compensator:

* Lag compensator.

* Lead compensator.

* Lead-lag compensator.



Controller and Compensator

* Controllers or compensators:
* They change the natural response of the system.
* They adjust the poles of the system.

* They help achieve the desired output from a given input.




P Controller

* For a unity feedback system as shown below, a proportional
controller (G.(s)) connected in series with the plant (G (s)).

R(s) + . E(s) C(s)

— K [ G() -
* The transfer function of the proportional controller is:
Ge(s) =K

e Thus

Gc(s)G(s)  KG(s)
1+G.(s)G(s) 1+ KG(s)

T(s) =



Characteristics of P Controllers

* The frequency response of a P controller is as shown below.

Magnitude plot:

e All frequency:
20logK

Phase-shift plot:
* All frequency: 0°

Improve transient response (up
to a point):

Increases the gain of the
system, often result in a non-
zero steady-state error, and
relatively easy to implement.
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P Controller

* For a proportional controller (G.(s)) attached in the feedback
path, consider a plant in the forward path (G (s)).

R(s) + — E(s) C(s)

— G(s) -
I— K

* The transfer function of the closed-loop feedback system is:

C(s) G(s) o G(s)
R(s) 1—(=G,(s))G(s) 1+ KG(s)

T(s) =



P Controller

* Unlike previous set up, notice that the controller is placed in
the feedback loop of the given control system.

* Notice the negative sign in the equation for the transfer
function equation of the feedback system.

* If the size of the loop gain is large, that is if:
IKG(s)| > 1
* Then, the gain of the closed-loop system approximately is the

gain of the controller:

G(s) 1

T~ %6 ~ K




P Controller in First-Order System

* For a proportional controller (G.(s)) is attached to the feedback
path and the plant in the forward path is a first-order system

G(s).

R(s) 4  E(s) C(s)

— G(s) -
I— K

* The transfer function equations of both the controller and the

plant are:

G.(s) =K and G(s) = (



P Controller in First-Order System

* In term of T(s) = C(s)/R(s), closed-loop transfer function
equation of the system is:

A
T(s) = G(s) _ (1 + ST) _ A
1—(=G.())G(s) 1_ (—K) (1 f:lsT) 1+ sT + AK

* Thus, we can see that the time constant of the closed-loop
first-order system depends on both gains of the plant A and
controller K.

* The gain of the closed-loop system depends on the gain of
the plant A.



Example of P Controller in First-Order System

The open-loop transfer function equation of a first-order system
is given below.

Ris) + 50) C(y)

G — (s+1)
(s) s+1
Gc(s) =K

a. Determine the time constant of the open-loop system.

[2 marks]

b. If a proportional controller connected in series with the system
as shown below, determine the gain of proportional controller
(K) that will change the time constant (1) of the closed-loop
system to become 0.1 second. [6 marks]



Example of P Controller in First-Order System

a. The time constant of the open-loop first-order system is:
50K

S+a

G(s) =
Thus

b. The gain of the proportional controller (K) that will change
the time constant of the closed-loop first order system to
become 0.1 second is determined as follows.

50
resy = 66 _ ¥ (5%1) 50K
> _1+G(S)H(s)_1+K( iol)‘s+1+501(
S



Example of P Controller in First-Order System

Thus, equate the time constant with the part of the transfer
function equation.

11
T e T 150K

For the time constant of 0.1 second, the gain of the
proportional controller is calculated from:

B 1

- 1+4+50K

Rearrange the equation above, the value of K is:
~10-1
50

0.1

K = (0.18



P Controller in Second-Order System

* For a unity feedback second-order system (G (s)) with a

proportional controller (H(s)) added as shown below.
D(s)

+£

Ri(s) + g E(s) Hs) + Gs) C(s) _

* Unless told otherwise, assume D(s) =0, if G(s) = w?/(s* +
2w,(s + w2)and H(s) = K: 1 e

e i
T(s) = |
1+ H(s)G(s) T A
2 wF ) e oo~ e
== L > os) 1/ ///// \
S+ 2w, (s + (1 + K)w};  osp )7 O
02+ & | \4 / 1 \ .
D 1 1.5 2 2.5 -



P Controller in Second-Order System

We can determine values for 1 + K to make the system:
undamped, underdamped, critically damped, and overdamped.

As proven for first order system before, higher gain is typically
vielding a faster response, but it is at the expense of a more

oscillatory response.

If the transient response of
the system is too oscillatory,
it will take time before the

0.5 +

1.0 A

06

system settles to its final

=

value.

—0.5 4

We cannot, therefore, just
increase the controller gain. ~

1.0 -



P Controller in Second-Order System

* For a second-order system with a proportional controller (M(s))
and non-unity feedback as shown below.

D(s)
R(s) E(s) " C(s)
R : ' H(s) - G(s) —
T M(s) |-

* If D(s) = 0, the open-loop gain of the system is:

C(s) _
@ = H(S)G(S)



P Controller in Second-Order System

The transfer function equation of the closed-loop system is:
C(s)  H(s)G(s)

R(s) 14+ M(s)H(s)G(s)
Focusing on the characteristic equation of the transfer

T(s) =

function, it is:
1+ M(s)H(s)G(s)
Notice that M (s) influences the characteristic equation.

As a result, the variable M (s) affects transient response of
the closed-loop system as specified above.



P Controller in Second-Order System

* Applying final value theorem, the steady-state equation of the
system for a step input is:

H(s)G(s)
1+ M(s)H(s)G(s)

.y 1 H(s)G(s)
~ 550" (E) (1 + M(S)H(S)G(5)>
1

M(s)
* Thus, the variable M (s) influences also the steady-state

C(o0) = lim s (R(s))

IR

response of the closed loop system for a given step input.



Example of P Controller in Second-Order System

For an open-loop control system described as the transfer
function equation given below, attempt the following tasks.

G(s) =
(s) s24+10s+5

a. Derive the transfer function equation of the closed-loop
system with a proportional controller H(s) = M added in the
feedback loop as shown below. [4 marks]

R(s) + E, (s) C(s)
o

G(s)

H(s) |-




Example of P Controller in Second-Order System

b. If M is 9, determine the transient response of the closed-
loop system. [6 marks]

c. As part of design specification for the system, for a step
input response, determine the feedback gain (M) if we
wish the steady-state error condition of the closed-loop
system to be 0.6. [8 marks]



Example of P Controller in Second-Order System

a. For the given second-order system with non-unity feedback,
the transfer function of the closed-loop system is:

G(s)

IS) = TG

5
(52 + 10s + 5)

- 5
1+(52+1Os+5)M

Rearrange the equation above, it becomes:

T(s) =

s2+10s+5(1+ M)



Example of P Controller in Second-Order System

. The transient response of the closed-loop system when
M is 9 is:
5 5

s2+10s+5(1+9) s2+ 10s + 50

Evaluating the characteristics equation of the closed loop
system, its roots are:

T(s) =

—b +Vb? — 4ac
2a
~ —10+/(10)2 — 4(1)(50) e
) 2(1) -
The roots are complex pair, so the response of the closed-
loop system is underdamped.

1‘00t1,2 =




Example of P Controller in Second-Order System

c. For astep input, the steady-state error of the closed-loop

system is:
_s(1/s)
= lim 15
1+

s2+10s+5(1 + M)
_y s> +10s+ 501+ M)

T 55052 + 10s + 5(2 + M)
1+M

24 M




Example of P Controller in Second-Order System

To achieve a steady-state error of 0.6 for the step response of

the system, the gain of proportional controller M is calculated
from:

1+M

= 0.6
2+ M
Thus, the gain of the proportional controller that meets the
design specification is:

Cstep (00) =

M_12—1_05
S 1-0.6




P Controller in Practice

In practice, the P controller is realised as a non-inverting
amplifier with R; and R, forming the voltage divider part of

the circuit.

* Voltage at the non-inverting

input is: Non-Inverting Amplifier
W =Vin
. . . vUUT
Due to potential divider
arrangement in the circuit,
the voltage at the inverting R1
R2

pin of the op amp is:

R,
Vo = Vour R, + R,




P Controller in Practice

As an example, given the non-inverting amplifier with open-

loop gainofA:  vi | | Vo
—_— A >
‘ R2
Ri+R2

The transfer function equation of the amplifier is:

/A A A(R{ +R;)

Vi_l_A(_ R, )=R1+R2+AR2
R, +R,

If the loop gain AR,/(R, + R,) is large, then:
AR, > R, +R,




P Controller in Practice

* As aresult, the transfer function of the non-inverting

amplifier is:
v, _A(R1+R2) _Ri+Ry
V. AR, R,
* In the above equation, the feedback loop path is:
p=—
R, +R,

* So, if the loop gain is large:

Vo Ri+R, 1

Vi R, b



Example of P Controller in Practice

For example, given specification of a non-inverting operational
amplifier circuit as shown below, perform the following tasks:

 Gain A =10".
* Feedback resistors: R, = 6 kQ, R, = 4 kQ.

a. Derive the transfer function equation of the amplifier.
[6 marks]

b. Determine whether the forward-loop gain of the amplifier
is larger than the feedback loop gain. [4 marks]

c. Calculate the gain of the amplifier. [4 marks]



Example of P Controller in Practice

a. The transfer function of the op amp circuit is derived from:

V=V, (Eq.1)
And

V.=V A —V 4 ki =04V, (Eq.2
n=Y\R ¥R,)] °leka+akan)” " (Eq.2)

For the non-inverting amplifier with an open-loop gain of A4,
the output voltage is:

Vo = A, = V) = A(V; — 0.4V,)  (Eq.3)
Substituting equations (1) and (2) into equation (3), the
transfer function equation of the op amp circuit is:

Vo A
V; (14 0.44)




Example of P Controller in Practice

b. Consider whether the feedback loop is large, the feedback
loop is:

AR, = (10°)(4 x 103) = 4 x 108
And
R+ R, =(6X 103) + (4 x 103) = 10*

As calculated above, the feedback loop is large (e.g. 4 X
108 > 10%).

c. Asaresult, the overall gain of the amplifier is:

Vo Ri+R, 6kQ+4kQ

7 R, 4 kQ




Pl Controllers

 For a Pl Controller, its transfer function can be written as:

G.(s) =P(s) +1I(s) = K; + % _Ki(s + K3/K1)

S
Where: P(s) = K; and I(s) = K, /s.
Integral (I)
- K
5
Proportional (P) Plant
R(s) + + C(s)

- Kl G(_g) =




Characteristics of Pl Controllers

* The frequency response of a Pl controller is as shown below.

Pl Compensator Bode Plot

* Magnitude plot: 40

30r

[dB]

* Low: -slope gain.

e Cut-off: half gain.

20¢r

10

Gain

n_

* High: zero gain. ol R
10 10 10 10 10 10
* Phase-shift plot:
n_
. o
* Low:-90". < 2
 Cut-off: -45°. s
8 60
* High: 0°. —
_1':"]2..“.'-1 IIIIIIZI I”I1I I‘.? 3
Improve steady-state error: 10 R AT 10

* Increases system type, error becomes zero, zero at z, is small
and negative, and active circuits are required to implement.



Applications of Pl Controllers

* The functions P(s) and I(s) can be chosen so the (s +
K, /K;) term (e.g. controller zero) cancels plant pole.

* Suppose the plant of a second-order system is:
1

(s+T)(s+T,)
* If we apply Pl to this plant, and make K, /K; = T,, then

0(s)
E(s) s(s+Ty)
* So, the closed-loop transfer function equation is:
0(s) G.(s)G(s) 1
I(s) 1+ G.(s)G(s) TS24 sT; +1
Note, the I(s) term means that the steady-state value is 1.

G(s) =

= G (s)G(s) =

T(s) =



PD Controllers

 For a PD Controller, it transfer function equation:
Gl(S) — P(S) ~+ D(S) — Kl + Kzs — Kz(S + Kl/KZ)
Where: P(s) = K; and D(s) = K5s.

. ' —l
R(s) + ++8 | | C(s)




Characteristics of PD Controllers

* The frequency response of a PD controller is as shown below.

PD Compensator Bode Plot

* Magnitude plot: 60

S0+
* Low: zero gain. |
30+
20+
10
0
10

Gain [dB]

e Cut-off: half gain.

* High: +slope gain.

. 10” 11;:'2 11.11'1 1;::“" 1;::‘ 1;::2 10°
* Phase-shift plot:
o 100 S —
* Low:O°. s0l.
e Cut-off: +45°. s %
= 40
* High: +90°. & 20f
. 0
Improve transient response: 00 107 10" 1t a0 R ao

Frequency [rad/sec]

Zero at —z, is selected to indicate the design point, active circuits
are required to implement, and it can cause noise and saturation;
implement with rate feedback or with a pole (lead).



Applications of PD Controllers

* We could make s + K; /K, term to cancel plant pole.

* If transfer function of the plant of a second order system is:

1
G —
(s) s(s+T)
* And PD is applied and assign K; /K, = T then:
0(s) 1
=G G = —
E(S) C(S) (S) S
* So, the closed-loop transfer function equation is:
O(s 1
T'(s) = (s) _

I(s) s+1



PID Controllers

* For a PID Controller, its transfer function equation is:

K
G.(s) =P(s) +1(s) + D(s) = K, + ?2 + Kys
Where: P(s) = Ky, I(s) = K,/s,and D(s) = K3s

K 38

C(s)
-




PID Controllers

* Alternatively, this gives the transfer function equation of
PID controller:

K;s? + Kis + K,
s

Gc(s) =

K 38

C(s)
o




Characteristics of PID Controllers

* The response of a PID controller is as shown below over
the step and sinusoidal inputs.

% % -
s f Derivative response 8 vative respon
80 80
9 0
& Integral response “ Inbetatredpbite
”® 60
0, il 55

0 so0 °o 50

a5 45
40 l Proportional response w0 ‘oporitonal response

35 35

30

0

n 0
Time —= Time —

100 100
95 95
90 920
85 a5
30 80
75 75
70 70 PID response

65 65
60 &0

o PID response . J\_/I
% so % s
s 5
40

o -
Time —> Time —=



Characteristics of PID Controllers

Improve steady-state error and transient response:

* Lagzero at —z;44 and pole at the origin improve steady-state
error; lead zero at —z;,,4 improves transient response.

* Lagzeroat —zy,, is close to, and to the left of, the origin.
* Lead zero at —z;,,4 is selected to indicate the design point.
e Active circuits are required to implement.

* |t can cause noise and saturation; implement with rate
feedback or with an additional pole.



Applications of PID Controllers

* We could apply a PID controller to a plant of second order

system:
6(s) = ——
>’ =1+ bs + as?
* Thus,set K3 =a, K; = b,and K, = 1, the equation is
now:
0(s) 1
T(s) =——==0G.(s)G(s) =—
() = 5oy = Ge(IG() =

* In all these examples, by careful arrangement, system is
either first or second order.

* Cancellation may not give best response, but analysis of
systems is easier!



Lead Compensators

* With P. > Z,, block diagram of lead compensator.

Compensator Plant
R(s) + E(s) | K(s +z,.) (S+Z)+2p) - C(s)
|
_$ (5 +p.) S(S+p)Ss +py)e -
Jjw
A
(s +2.) s-plane
Ge(s) = -
s+ py) ;( O - c




Lead Compensators

* The transfer function of a lead compensator is:

1
1[ S +T
GC(S) — E 1 (IB < 1)
S+ o
pT
* Or
S+ Z _
Greaa(s) = oI pc with  [p.| > |z
C

* This controller consists of 1 pole and 1 zero with |pole| >
| zero|.



Characteristics of Lead Compensators

* Frequency response plot of lead compensator.

° MagnltUde plOt: - | LEE.ld Compensator Bode FI"Int
201
* Low: zero gain. 15|
* Cut-off: half gain. -5[,1:
* High: +finite gain. b
e Phase-shift p|0t! 10 10” 10 10" 10 10° 10
e Low: 0°. BO [Ty
50
e Cut-off: +45°, g ‘;z
ioch-: N° @ 20f
* High: 0°. £
Improve transient response: z — - —
10° 107 107 10° 10° 10° 10"
Zero at —z. and pole at —p,. Frequency - [radisec]

are selected to indicate design point and pole at —p, is more
negative than zero at —z_.. Active circuits are not required.



Characteristics of Lead Compensators

* Frequency response plot of lead compensator with varied £.
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Applications of Lead Compensators

* Inlead compensator, the zero is closer to the origin than the

ole, thatis:
p ! Compensation a, b
L Compensation ¢
Zc < Pc 14 U;compensated
1.2
* The lead compensator 10 —
: : g 08
influences transient
0.6
response (e.g. percentage ,
overshoot and settling 0.2
times). . 1 : - : a

Time (seconds)

 The uncompensated system is slower compared with the
compensated systems (a, b, and ¢ = increasing distance of
the poles from origin).



Lag Compensators

* With Z. > P., block diagram of lag compensator.

Compensator Plant
R(s) + E(s) | K(s +2.) (S+2)s+2)- .- C(s)
- -
A (s +p) S+ P +py) e
Jjw
A
(5 +2.) s-plane
Gels) = - —(O)—% - O
(s +p.) el




Lag Compensators

* The transfer function of the lag compensator is:

S+%
Gc(s) = 1 (a>1)
S +ﬁ
* Or
S+ z _
Glag(S) — S +pc with D] <z
c

e This controller consists of 1 pole and 1 zero with |pole| <
| zero|.



Characteristics of Lag Compensators

* Frequency response plot of lag COMPENSIEOL; . ensator Bode Plot
25 T :

* Magnitude plot: o

-
©n
T

* Low: +finite gain.

Gain [dB]
o

n
T

e Cut-off: half gain.

=]
T

'
n
=]

* High: zero gain.
* Phase-shift plot:

10° 10 10°

e Low: 0°.
e (Cut-off: -45°.
* High: 0°.
Improve steady-state error

Phase [deg]

-60 : -
10 10

e Erroris improved, but not driven to Zero. rreqency adsed
Pole at —p_. is small and negative; Zero at —z,. is close to, and to
the left of the pole at —p,; Active circuits are not required.

2



Frequency response plot of lag compensator with varied a.
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Applications of Lag Compensators

* Inlag compensator, the pole is closer to the origin than
the zero, that is:

ZC > pC
 The lag compensator reduces steady- state error.

A
1.4 -

1.2 [

Lag-compensated
1.0 -

§ 0.8 Uncompensated
0.6
0.4
0.2 R

0 1 1 1 | .

0 5 10 15 20
Time (seconds)



Lead-Lag Compensators

* Block diagram of lead-lag compensator.

Cﬂmpensutor Cﬂmpensutm_' Plant
R(s) + E(s) K(s + z,) K(s + z,.) (§+Z)ES+29) e - C(s)
o
A (s +p.) (s +p.) S+ ps +py) -

s-plane
G(s) (s+2z.) (842 o~
J§) = = (7
( (s+p.) (s+p) K—O—0O—*%




Lead-Lag Compensators

* Transfer function of the lead-lag compensator:

S+Tl S+Tl

Gc(s) = N )/1 12 (v > 1)
S T —
T, S+)/T2

* Or
Glead—lag () = Gieqa (S)Glag (s)
. (S + Zc(lag)) (S + Zc(lead))
S+ Pc(lag) S + Pc(lead)

* The pole and zero of the lag and lead parts of the lead-lag
controller are:

|Pc<lag)| < |Zc(lag)| and |Zc(lead)| < |Pc(lead)|



Characteristics of Lead-Lag Compensators

* The frequency response of lead-lag compensator with varied y:
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Characteristics of Lead-Lag Compensators

Lead-lag compensator improves steady-state error and transient
response:

* Lagpole at —p;,4 and lag zero at —z;,, are used to improve
steady-state error.

* Lead pole at —p;,44 and lead zero at —z;,,4 are used to
iImprove transient response.

* Lagpole at —p;44 is small and negative.

* Lagzeroat —z,, is close to, and to the left of, lag pole at —p4,

* Lead zero at —z;,,4 and the lead pole at —p;,.,4 are selected to
indicate the design point.

* Lead pole at —p;,,4 is More negative than lead zero at —z;,,4.-

* Active circuits are not required to implement.



Applications of Lead-Lag Compensators

Considering the transfer function equation of the second-order
plant is:

G(s) =

(s+T))(s+T,)

For improving transient response, we can make z, in the G.(s)
to be equal to largest of T; and T,, say T,, to speed up system.

Then, the open-loop transfer function of the system is:

0(s)
E(s)

= Gc(s)G(s)

_ (S + Zc(lag)) (S + Zc(lead)) K
S+ Dciiag)) \S T Pc(lead) (s +T)(s +T)




Applications of Lead-Lag Compensators

* Thus, the transfer function of closed-loop system is:

O(s) Forward

T(s) = —
() I(s) 1-—Loop
* This gives the closed-loop transfer function equation:
[ K
I(s) K
1—-(-1)
(S + pc(lead))(s +T)

K
(S + pc(lead))(s T Tl) + K




Applications of Lead-Lag Compensators

K

s% + S(pc(lead) + Tl) + (pc(lead)Tl) + K
* This case is a further example of pole-zero cancellation for

T(s) =

system improvement.

* Note: a poleislike 1 + sT term on denominator and a zero is
such a term on numerator.

* For improving the steady-state condition of the system, we
can make z,. of the lead part in the G.(s) to be equal to the

smaller of T; and T,, say T, to remove more dominant pole in
the system.



Lead-Lag Compensator Characteristics

* Then, the pole in the lead part is used to cancel the zero of

the lag part of the compensator.

This leaves the pole of the lag part to be varied and assign
to be very close to the origin e.8. p(1ag) = 0 (to simulate
an integral function like to the system).

* Thus, this would improve the steady-state condition of the

system by reducing or removing the steady-state error in
the system.



Intro to Controller/Compensator Design

We will focus on modifying system characteristics by
applying feedback.

Furthermore, we will be able to tailor the closed-loop
transfer function with the addition of a compensator.

Compensator design is a compromise between two
competing goals.

* Performance: Keeping the open loop gain high reduces
system errors and the effects of disturbances.

» Stability: The closed loop system must be kept stable by
carefully managing the gain where the phase
approaches -180°.



Intro to Controller/Compensator Design

 Compensator design can often be philosophically reduced
to two (inter-related) problems:

Gain magnitude and phase [dB, deg]

* onhe operating at

200

FANLE )

} 160

low frequencies to ,
Magnitude

achieve the e

Phase margin: 33 degrees

required 20 | TTESE S N g - _}. 40
performance,

10 Gain margin: -14.8 dB

* the other at high . e [ TE———
frequency to ensure :

Crossover frequency: 111 kHz

sta blllty 1E43 1E+4 1E45 1E+6

Frequency [Hz]



Methods for Controller/Compensator Design

There are a variety of approaches to designing a controller of

compensator:

1. Choose a compensator structure and then tune manually.

2. Choose a compensator model and tune using a “recipe”
(e.g. Ziegler-Nichols).

3. Use a model and solve for desired pole locations.

4. Measure the system performance and use a graphical
technique.

5. Use a mathematical model with a graphical technique.

6. Use mathematical tools to achieve optimal performance

(State-Space Analysis).



Controller/Compensator Design in the Course

* In the remaining lectures, we will focus on the graphical

methods which form the classical control .

* These are mainly about items 3 and 5 in the list.
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Compensator

Plant

Convention for System Topology and Notation

We will generally design out controller or compensators

assuming unity gain feedback with the compensator C(s)
placed in the forward path.

Remember that this is equivalent to a system with the
controller or compensator in the feedback path.

G(s)

Y(s)

Plant

G(s)

i

C(s)

SEE—

Compensator

Y
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