
 

Formulas for Control Systems Engineering 

 

A. Common Laplace Transforms 

 

Time Domain  Laplace Domain 

𝛿(𝑡) 1 

𝛿𝑛(𝑡) 𝑠𝑛 

𝑢(𝑡) 
1

𝑠
 

𝑡 
1

𝑠
 

𝑡𝑛 
𝑛!

𝑠𝑛+1
 

𝑒−𝑎𝑡 
1

𝑠 + 𝑎
 

𝑡𝑒−𝑎𝑡 
1

(𝑠 + 𝑎)2
 

𝑡𝑛

𝑛!
𝑒𝑎𝑡 

1

(𝑠 + 𝑎)𝑛+1
 

sin(𝜔𝑡) 
𝜔

𝑠2 + 𝜔2
 

cos(𝜔𝑡) 
𝑠

𝑠2 + 𝜔2
 

𝑒−𝑎𝑡 sin(𝜔𝑡) 
𝜔

(𝑠 + 𝑎)2 + 𝜔2
 

𝑒−𝑎𝑡 cos(𝜔𝑡) 
𝑠 + 𝑎

(𝑠 + 𝑎)2 + 𝜔2
 

𝜔𝑛

√1 − 𝜉2
𝑒−𝜉𝜔𝑛𝑡 sin(𝜔𝑛√1 − 𝜉2𝑡) 

𝜔𝑛
2

𝑠2 + 2𝜉𝜔𝑛𝑠 + 𝜔𝑛2
 

 

In all cases above, the symbols have their normal meanings. 

 

B. Properties of the Laplace Transform 

 

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 ℒ−1{𝐹(𝑠)} =
1

2𝜋𝑗
∫ 𝐹(𝑠)𝑒−𝑠𝑡

𝑐+𝑗∞

𝑐−𝑗∞

𝑑𝑠 

  



 

Definition: 𝑓(𝑡) ⟺ 𝐹(𝑠) 

Linearity: 𝑎𝑓(𝑡) + 𝑏𝑔(𝑡) ⟺ 𝑎𝐹(𝑠) + 𝑏𝐺(𝑠) 

t-scaling 
𝑓(𝑐𝑡) ⟺

1

|𝑐|
𝐹 (
𝑠

𝑐
) 

t-shifting: 𝑓(𝑡 − 𝑡0)𝑢(𝑡 − 𝑡0) ⟺ 𝑒−𝑠𝑡0𝐹(𝑠) 

s-shifting: 𝑒−𝑠0𝑡𝑓(𝑡) ⟺ 𝐹(𝑠 − 𝑠0) 

Differentiation in t: 𝑓′(𝑡) ⟺ 𝑠𝐹(𝑠) − 𝑓(0) 

𝑓’’(𝑡) ⟺ 𝑠2𝐹(𝑠) − 𝑠𝑓(0) − 𝑓’(0) 

Integration in t: 𝑓(𝑘) ⟺ 𝑠𝑘𝐹(𝑠) − 𝑠𝑘−1𝑓(0) − 𝑠𝑘−2𝑓’(0). . . −𝑓(𝑘−1)(0) 

∫ 𝑓(𝜏)
𝑡

0

𝑑𝜏 ⟺
1

𝑠
𝐹(𝑠) 

Differentiation in s: 𝑡𝑓(𝑡) ⟺ −𝐹’(𝑠) 

Integration in s: 𝑓(𝑡)

𝑡
⟺ ∫ 𝐹(𝑠̃)𝑑𝑠̃

∞

𝑠

 

Convolution: 𝑓(𝑡) ∗ 𝑔(𝑡) ⟺ 𝐹(𝑠)𝐺(𝑠) 

𝑓(𝑡)𝑔(𝑡) ⟺
1

2𝜋𝑗
 𝐹(𝑠) ∗ 𝐺(𝑠) 

Periodicity 
𝐹(𝑡) ⟺ 𝐹1(𝑠)

1

1 − 𝑒−𝑠𝑝
 

For 𝑓1(𝑡) one cycle of 𝑓(𝑡) with period 𝑝. 

Initial value theorem: 𝑓(0+) = lim
𝑡→∞

𝑠𝐹(𝑠) 

Final value theorem: lim
𝑡→∞

𝑓(𝑡) = lim
𝑡→∞

𝑠𝐹(𝑠) 

(for 𝑎, 𝑏, 𝑡0, 𝑠0 ∈ 𝑅, 𝑐 ∈ 𝑅++ ). 

 

C. Partial Fractions Expansion 

 

If a partial fraction expansion of 𝑌(𝑠) includes terms,  

𝐴𝑚
(𝑠 − 𝑎)𝑚

𝐴𝑚−1
(𝑠 − 𝑎)𝑚−1

+⋯+
𝐴1
𝑠 − 𝑎

 

then the coefficients of factors having multiplicity 𝑚 > 1 are given by the 
following expressions, where 𝑘 ≠ 𝑚. 

𝐴𝑚 = lim
𝑠→𝑎
(𝑠 − 𝑎)𝑚𝑌(𝑠) 

𝐴𝑘 =
1

(𝑚 − 𝑘)!
lim
𝑠→𝑎

𝑑𝑚−𝑘

𝑑𝑠𝑚−𝑘
(𝑠 − 𝑎)𝑚𝑌(𝑠) 

 



 

D. Trigonometric Identities 

 

sin(𝜃 ± 𝜙) = sin 𝜃 cos𝜙 + cos 𝜃 sin𝜙 ⟹ {
sin(𝜃 + 𝜋/2) = cos(𝜃)

sin(𝜃 − 𝜋/2) = −cos(𝜃)
 

cos(𝜃 ± 𝜙) = cos 𝜃 cos𝜙 + sin 𝜃 sin 𝜙 ⟹ {
cos(𝜃 + 𝜋/2)= −sin 𝜃

cos(𝜃 − 𝜋/2) = sin 𝜃
 

sin(2𝜃) = 2 sin 𝜃 cos 𝜃 

cos(2𝜃) = cos2 𝜃 − sin2 𝜃 = 2 cos2 𝜃 − 1 = 1 − 2 sin2 𝜃 

 

E. First Order Systems 

 

For a first order system with transfer function:  

𝐺(𝑠) =
1

(𝑠 + 𝑎)
 

Time constant is:  

𝜏 = 1/𝑎 

Rise time (10-90%) is:  

𝑡𝑟 = 2.2𝜏 

Settling time (to 2% of final value standard) is:  

𝑡𝑠 = 4𝜏 

 

F. Second Order Systems 

 

For an underdamped second order system, the following relationships hold. 

𝐺(𝑠) =
𝜔𝑛
2

𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔𝑛2
 

The rise time 

𝑇𝑟 =
𝜋 − 𝜙

𝜔𝑛√1 − 𝜁2
          where: 𝜙 = tan−1 (

√1 − 𝜁2

𝜁
) 

Or 

𝑇𝑟 =
(1.76𝜁3 − 0.417𝜁2 + 1.039𝜁 + 1)

𝜔𝑛
 

The settling time (i.e. 2% of final value standard): 

𝑇𝑠 =
4

𝜁𝜔𝑛
 



 

The time taken to reach the peak value (n = #peak) is: 

𝑇𝑝 =
𝑛𝜋

𝜔𝑛√1 − 𝜁2
 

The percentage overshoot is related to damping ratio by: 

%𝑂𝑆 = 𝑒
−(

𝜁𝜋

√1−𝜁2
)

× 100 

Damping ratio. 

𝜁 = −
ln (
%𝑂𝑆
100 ) 

√𝜋2 + ln2 (
%𝑂𝑆
100 )

 

 

G. Steady State 

 

Steady-state errors. 

Type 
Input 

Step Ramp Parabola 

0 𝑒𝑠𝑠 =
1

1 + 𝐾𝑝
 ∞ ∞ 

1 𝑒𝑠𝑠 = 0 
1

𝐾𝑣
 ∞ 

2 𝑒𝑠𝑠 = 0 0 
1

𝐾𝑎
 

 

Steady-state error constants. 

 

𝐾𝑝 = lim
𝑠→0

𝐺(𝑠)              𝐾𝑣 = lim
𝑠→0

𝑠𝐺(𝑠)                   𝐾𝑎 = lim
𝑠→0

𝑠2𝐺(𝑠) 

 

 

H. Compensator Topologies 

 

Proportional Compensator. 

𝐶(𝑠) = 𝐾𝑝 

Proportional-Integral (PI) Compensator. 

𝐶(𝑠) = 𝐾𝑝 (
𝑠 + 𝜔𝑏
𝑠

) = 𝐾𝑝 (

𝑠
𝜔𝑏
+ 1

𝑠
𝜔𝑏

) 



 

Proportional-Derivative (PD) Compensator. 

𝐶(𝑠) = 𝐾𝑝 (
𝑠

𝜔𝑏
+ 1) 

Lag Compensator (where 𝛼 > 1). 

𝐶(𝑠) = 𝐾𝑝 (
𝑠 + 𝜔𝑏

𝑠 +
𝜔𝑏
𝛼

) = 𝐾𝑝 (

𝑠
𝜔𝑏
+ 1

𝛼𝑠
𝜔𝑏
+ 1

) 

Lead Compensator (where 𝛼 < 1). 

𝐶(𝑠) =
𝐾𝑝

𝛼
(
𝑠 + 𝜔𝑏

𝑠 +
𝜔𝑏
𝛼

) = 𝐾𝑝 (

𝑠
𝜔𝑏
+ 1

𝛼𝑠
𝜔𝑏
+ 1

) 

The maximum phase lead of 𝜙𝑚𝑎𝑥 = sin
−1[(1 − 𝛼)/(1 + 𝛼)] occurs at a frequency 

= 𝜔𝑏/√𝛼 . Consequently: 

𝛼 =
1 − sin(𝜙𝑚𝑎𝑥)

1 + sin(𝜙𝑚𝑎𝑥)
 

 

I. Graphical Analysis Techniques 

 

Bode Plot:  

 

Magnitude and phase shift. 

|𝐺(𝑗𝜔)| = 𝐾
∏ |𝑍𝑖|
𝑚
𝑖=1

∏ |𝑃𝑖|
𝑚
𝑖=1

             and             ∠𝐺(𝑗𝜔) =∑∠𝑍𝑖

𝑚

𝑖=1

−∑∠𝑃𝑖

𝑚

𝑖=1

 

Phase margin – damping ratio relationship (for 𝜁 ≤ 0.6). 

PM = tan−1

(

 
2𝜁

√−2𝜁2 +√1 + 4𝜁4)

 ≈ 100𝜁 

The frequency response has a peak magnitude that occurs at frequency 𝜔𝑃 =

𝜔𝑛√1 − 2𝜁2. 

𝑀𝑝 =
1

2𝜁√1 − 𝜁2
 

Bandwidth of standardized control systems. 

𝜔𝐵𝑊 = 𝜔𝑛√(1 − 2𝜁2) + √4𝜁4−4𝜁2 + 2 

 



 

Nyquist Plot: 

 

Poles and zeros. 

𝑍 = 𝑃 + 𝑁 

Note:  

Z = unstable closed-loop pole.  

P = unstable open-loop poles. 

N = # encirclement at (-1+j0). 

 

Phase and gain margins. 

PM = 180 + arg[𝐺(𝑗𝜔)(𝐻(𝑗𝜔)] 

GM(in dB) = 20 log[1/𝐺(𝑗𝜔)𝐻(𝑗𝜔)] 

 

Root Locus Diagram: 

 

Real-axis intercept of asymptote. 

𝜎𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 =
∑ (𝑠 + 𝑝𝑛) − ∑ (𝑠 + 𝑝𝑛)

𝑘
𝑛=1

𝑘
𝑛=1

#𝑛𝑝 − #𝑛𝑧
=
∑ 𝑝𝑖 − ∑ 𝑧𝑖𝑖𝑖

𝑃 − 𝑍
 

 

Angle of asymptote. 

𝜃𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 = ±
(2𝑘 + 1)𝜋

#𝑛𝑝 − #𝑛𝑧
=
(2𝑘 + 1)𝜋

𝑃 − 𝑍
 

Where: 𝑘 = 0,±1, ±2,… 

 

Location of pole break-away/break-in. 

∑
1

𝜎𝑏 − 𝑧𝑖

𝑍

𝑖=1

=∑
1

𝜎𝑏 − 𝑝𝑗

𝑃

𝑗=1

 

Where: 𝑝𝑖 and 𝑧𝑖 are the pole and zero values of 𝐶𝐺, where we have 𝑍 total zeros 
and 𝑃 total poles. 

Angle of pole break-away/break-in. 

∠𝜃 =
180°

𝑛
 

Where: 𝑛 is the number of poles breaking away/in. 

 


