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A. System Modelling, Stability and Steady State

1. Given a mechanical system that consists of a mass that is separated from a wall by a spring and a
damper.

The mass (m) could represent a car, with the spring (spring coefficient, k) and damper (damper
coefficient, b) representing the car's bumper. An external force (F,(t)) is also shown. Only
horizontal motion and forces are considered.
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a. Describe the state of equilibrium and the forces that are acting in the given system.
[5 marks]

b. Determine the transfer function of the system in terms of displacement (x(t)) over applied
external force (F,(t)). [10 marks]

c. Describe models of system modelling. Why the approach used for modelling the system in
this question is suitable for modelling the given system? [5 marks]

2. Consider the electrical circuit shown in figure below.

a. The circuit consists of an inductance L (Henry), a resistance R (Ohm), and a capacitance C
(Farad). Determine the system transfer function. [10 marks]
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b. Determine the range of K for stability, when a controller is added to the circuit and the
transfer function of the circuit becomes as shown below. [15 marks]

) @ _ K €
s+ s+ 1) (5 +2)

c. Consider the system shown in the figure given below. [5 marks]

i C i) ;
s(s+2lw,)

The steady-state error to a unit-ramp input is e(0) = 2{w,,. Show that the steady-state
error for following a ramp input may be eliminated if the input is introduced to the system
through a proportional-derivative controller, as shown in the figure below, and the value of
k is properly set. Note that the error e(t) is given by r(t) — c(t).

Y

R(s) 2 C(s)
—| | + ks G+ 20w -

B. Block Diagram Manipulations, Feedback Control Systems & Time Responses

3. Given a block diagram of a given feedback control system as shown in the figure below.

a. Describe the guideline for simplifying block diagram. [5 marks]
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b. Simplify the block diagram given in the figure below to a single block. [15 marks]
.| Gs

R(s)
—> —> G > G |—>| G G, — - >
Q> #)

A

4. You are provided with a feedback control system as given in the figure below.

Rix) b b . % , T Cl=) ,

a. Perform block diagram reduction of the given system. [5 marks]

b. Consider the system, where ¢'= 0.6 and @,,= 5 rad/sec, obtain the rise time T;. , peak time T,
maximum overshoot M, and settling time T; when the system is subjected to a unit-step
input. [15 marks]

c. Determine the values of K and k of the closed-loop system, so that the maximum overshoot
in unit-step response is 25 % and the peak time is 2 sec. Assume that J = 1 kg-m?2.
[10 marks]

C. Controller/Compensator

5. Describe which particular controller or compensator will be able to fix the following problems in
control system.

a. Unstable system. [5 marks]
b. Sluggish (slow) system. [5 marks]
c. Large steady-state error. [5 marks]
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d. Both transient response and stability problems. [5 marks]

e. Large steady-state error, but we wish to preserve the transient response characteristics.
[5 marks]

6. Describe briefly the dynamic characteristics of the Pl controller, PD controller, and PID
controller. Compare these controllers with their respective counterparts e.g. lag, lead, and lag-
lead compensators. [15 marks]

7. Consider a unity-feedback control system as given below with a compensator arranged in series
with the plant.

Compensator Plant

R(s) + C (.v)_‘

G,(s) > Gp(s)

Given the compensator (G.(s)) is a proportional controller with gain K and the transfer function
of the plant is given as:

1

B

Perform the following tasks:

a. For the steady-state error analysis, determine the steady-state error of the system to unit
step and unit ramp inputs. Describe how you can improve the steady-state error of the
system. [10 marks]

b. For the transient response analysis, derive equation for damping ratio of the system. If we
require a damping ratio of 0.5, determine the gain of the proportional controller.
[10 marks]

D. Bode Plots

8. Consider a unity-feedback system whose open-loop transfer function is:

(s +10)
s(s+1)(s+6)

G(s) =

a. Describe briefly the frequency response of the system. Calculate the gains, phase shifts and
slopes at DC, low frequency, break points frequencies and high frequency. [15 marks]
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b. Sketch the Bode plots (magnitude and phase) of the frequency response of the system.
[10 marks]

c. Indicate in the plots the gain and phase margins of the system. Describe the stability of the
system. [5 marks]

d. When the system is subjected to a ramp input, determine the velocity error constant (K,,)
from the plots. Determine the value of this error constant from the plot. [10 marks]

e. Based on the results in part (d), how you improve the steady-state characteristics of the
system when it is subjected to a ramp input. [5 marks]

9. You are given a control system with the following open-loop transfer function:

1
s(s+1)(2s+1)

G(s) =
a. After determining the important points and slopes, sketch the frequency response of the
control system using Bode plots (magnitude and phase). [10 marks]

b. From the graph in part (a), determine the gain margin (GM) and phase margin (PM) of the
system. [5 marks]

c. Based on the gain and phase margins of the system, describe the stability of the system.

[5 marks]
d. If the system is connected in series with a proportional controller (G.(s)) with a gain of K as
shown below, find the critical value of the gain K for stability. [15 marks]
R(s) C(s)
—— G(s) G(s)

e. Isaclosed-loop system with K = 2 stable? How do you improve the stability of the system if
it is unstable? [5 marks]

E. Root Locus Diagram

10. Consider a control system with the open loop transfer function as shown below.

K

6 = IG5+ 10)

a. Sketch the root locus diagram of the system given above. [10 marks]
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b. Determine the intercept point and angle of the asymptotes. [5 marks]
c. Determine the angles of departure from complex pole. [15 marks]

d. Calculate the value of the gain of the system (K) when the root locus crosses the imaginary
axis (y-axis). [15 marks]

e. When the step response of the system is as shown in the figure given below, suggest a
controller or compensator that could reduce the oscillatory behaviour of the system.
[5 marks]

Step Response
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11. Consider a control system with a transfer function of the plant (G (s)) as shown below:

_(s—=2)(s—3)
G(s) = (s+1(s+6)

a. Sketch the root locus diagram of the given system. [10 marks]
b. Calculate the break-away and break-in points of the root locus.
i With differentiation. [10 marks]
ii. Without differentiation. [10 marks]

c. When a proportional controller (D, = K) is added in series with the plant, determine the
value of K so that the system is stable. [15 marks]

RoM)}ES| D G SF
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d. For K = 0.1, when the transient response of the system after it is subjected to a step input

is as shown in the figure below, describe the two problems of the given control system. How
could you improve the performance of the system?

[5 marks]
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F. Nyquist Plot

12. The Nyquist plot (polar plot) of the open-loop frequency response of a unity-feedback control
system is shown in the following diagram.

=1

&
E|E
1]

Assuming that the Nyquist path in the s plane encloses the entire right-half s plane, draw a
complete Nyquist plot in the G plane. Then answer the following questions:

a. If the open-loop transfer function has no poles in the right-half s plane, is the closed-loop
system stable?

[5 marks]
b. If the open-loop transfer function has one pole and no zeros in right-half s plane, is the

School of Engineering and Computer Science VUW/XMUT
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closed-loop system stable?

[5 marks]

c. Ifthe open-loop transfer function has one zero and no poles in the right-half s plane, is the

closed-loop system stable?

[5 marks]

13. Given an open-loop control system as represented by the following transfer function.

G(s)

(s+3)

T +2)(+10)

The Bode plots (magnitude and phase) of the system above are shown in the following figure

given below:

Bode Diagram

Magnitude (dB)

Phase (deg)

10"
Frequency (rad/s)

a. From the Bode plots, sketch the Nyquist diagram of the system.

b. Determine the gain and phase margins from the sketch.

c. Based on the results of parts (a) and (b), describe the stability of the system.

[10 marks]
[5 marks]

[5 marks]

d. With a help of a sample Nyquist diagram for illustration, describe how a proportional

compensator could affect the Nyquist contour and stability of the system.

School of Engineering and Computer Science
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Formulas for Control Systems Engineering

A. Common Laplace Transforms

Time Domain Laplace Domain
6(t) 1
6™(t) s
1
u(t) -
s
1
t —
s
i n!
gn+1l
e—at 1
st+a
1
te—at -
(s + a)?
t" 1
—e®t —
n! (s +a)"+t
. t a)
sin(w -
(@) s? + w?
. S
cos(w -
() 5% + w?
e % sin(wt) G+a)? t?
—at () st+a
e " cos(w —_—
(s+a)? + w?
) 2
——L e $“nt sin(wyy/1 — £2t) ©n
1-¢2 s%2 4+ 28wys + wi

In all cases above, the symbols have their normal meanings.

B. Properties of the Laplace Transform

c+joo

L) = [ f@ede Lﬂ{p@}:ziw [ Feeas
0

c—joo
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Definition: f() = F(s)
Linearity: af(t) + bg(t) © aF(s) + bG(s)
t-scaling 1 S

f(ct) & HF (E)
t-shifting: f(t—to)u(t — ty) © e SWF(s)
s-shifting: e Solf(t) & F(s — sg)

Differentiation in t:

f'(®) & sF(s) = £(0)
f'(®) < s?F(s) —sf(0) — f(0)

Integration in t:

f(k) =

skF(s) — s*¥71F(0) — s¥72£7(0)... —f*=D(0)

t 1
ff(r)dr(:)—F(s)
0 s

Differentiation in s:

tf(t) & —F(s)

Integration in s:

@ = J;wF(§)d§

Convolution:

f(®)xg(t) = F(s)G(s)

-
f®g®) = 2 F(s)*G(s)

Periodicity

1
F(t) & Fl(S)m

For f;(t) one cycle of f(t) with period p.

Initial value theorem:

f(0+) = Jim sF(s)

Final value theorem:

gim f) = tlim SF(s)

(fora, b,

Partial Fractions Expansion

to,So ER,c ER,,).

If a partial fraction expansion of Y (s) includes terms,

Am

Am-1 44

(s—a)m(s—a)ym1

then the coefficients of factors having multiplicity m > 1 are given by the following expressions,

where k # m.

Am

1

s—a

= lim(s —a)™Y (s)

m—k

Ay

=z

: _\m
1408 gmer (8~ 7Y
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D. Trigonometric Identities

sin(6 + m/2) = cos(0)
sin(@ — m/2) = —cos(H)
cos(@ +m/2)= —sinf
cos(0 —m/2) = sinf

sin(f + ¢) = sin 6 cos ¢ + cos O sin ¢ :>{

cos(8 + ¢) = cosB cosg + sinf sin @ =>{

sin(268) = 2sin 6 cos 0

cos(20) = cos? 6 —sin?f = 2cos?0 —1=1—2sin? 0
E. First Order Systems

For a first order system with transfer function:

1
O 67w

Time constant is:

t=1/a
Rise time (10-90%) is:

t, =221
Settling time (to 2% of final value standard) is:

ts =41

F. Second Order Systems

For an underdamped second order system, the following relationships hold.

2
G(s) = O
s2 4+ 20wys + w?
The rise time
_ mw— d) _ -1 V 1 - (2
T, = — where: ¢ =tan™" | ————
WnJ1 = 72 ¢

Or
_ (1.76¢3 — 0.417¢? + 1.039¢ + 1)

r

Wn

The settling time (i.e. 2% of final value standard):
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The time taken to reach the peak value

(n = #peak) is:

nm
T. =

i

P _wnw/l—fz

The percentage overshoot is related to damping ratio by:

%0S = e_<v1-<2> x 100

Damping ratio.

%0S
(o__" (fo0)
)
Jre+ 0 (igg)
G. Steady State
Steady-state errors.
Input
Type
Step Ramp Parabola
0 1
e = o (0e]
¥ 14K,
1
1 ess =0 7 o
v
2 0 0 !
€ss = 7
Kq

Steady-state error constants.

K, =1lim G(s)

s—0

H. Compensator Topologies

Proportional Compensator.

Proportional-Integral (PI) Compensator.

C(s) =K,

K, = limsG(s)
s—0

C(s) =K,

(=)

p

K, =1lims2G(s)
s—0
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Proportional-Derivative (PD) Compensator.
s
Cs) =Ky (—+1)
Wp

Lag Compensator (where a > 1).

s
—+1
St w
Cs) =K b=k, | Lh
Plo+ @ Plas  q
S a Wp
Lead Compensator (where a < 1).
s
—+1
Cs) = (F ) (@
a +ﬂ P £+1
a Wp

The maximum phase lead of ¢4, = sin™*[(1 — a)/(1 + a)] occurs at a frequency = w, /o .
Consequently:

_ 1- Sin(¢max)
C T T sin(bme)

Graphical Analysis Techniques
Bode Plot:
Magnitude and phase shift.

?;1|Pi|

i=11Z;] S S
IG(w)| = K =—— and AG(ja))=ZAZi—ZLPL-
i=1 i=1

Phase margin — damping ratio relationship (for { < 0.6).

PM = tan™?! / 2 \ ~ 100¢
\J—zzz +JT4¢4/

The frequency response has a peak magnitude that occurs at frequency wp = w,/1 — 2{2.
1

20J1—¢2

M, =
Bandwidth of standardized control systems.

Wy = wn\/(l —20%) +J404—472 + 2
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Nyquist Plot:

Poles and zeros.
Z=P+N
Note:
Z = unstable closed-loop pole.
P = unstable open-loop poles.

N = # encirclement at (-1+j0).

Phase and gain margins.
PM = 180 + arg[G (jw)(H (jw)]
GM(indB) = 201log[1/G(jw)H (jw)]

Root Locus Diagram:
Real-axis intercept of asymptote.

o _ YK (s +pn) — XK (s +pn) _ Xibi— XiZi
asymptote #n, — #n, P_7

Angle of asymptote.

Rk + D B QRk+ Dm

Oasymptote = £ #n, — #n, p—7

Where: k = 0,+1,+2, ...

Location of pole break-away/break-in.

Z P
D
i=1gb_Zi j=10b_pj

Where: p; and z; are the pole and zero values of CG, where we have Z total zeros and P total
poles.

Angle of pole break-away/break-in.
_ 180°
o

20

Where: n is the number of poles breaking away/in.



