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Abstract. Ownership type systems organise the heap into a hierarchy
which can be used to support encapsulation properties, effects, and in-
variants. Ownership types have many applications including paralleli-
sation, concurrency, memory management, and security. In this paper,
we show that several flavours and extensions of ownership types can be
entirely encoded using the standard Java type system.

Ownership types systems usually require a sizable effort to implement
and the relation of ownership types to standard type systems is poorly
understood. Our encoding demonstrates the connection between owner-
ship types and parametric and existential types. We formalise our en-
coding using a model for Java’s type system, and prove that it is sound
and enforces an ownership hierarchy. Finally, we leverage our encoding to
produce lightweight compilers for Ownership Types and Universe Types
— each compiler took only one day to implement.

1 Introduction

Ownership types describe the topology of the heap in a program’s source code.
They come in several varieties (context-parametric [16], Universes [17], Owner-
ship Domains [3], OGJ [26], and more) and have many practical applications,
including preventing data races [7,18], parallelisation [15,5], real-time memory
management [4], and enforcing architectural constraints [2].

Ownership types usually require large, complicated type systems and compil-
ers, and their relation to standard type theory is not well understood. We give a
simple encoding from ownership types to standard generic Java by extending the
previously identified relationship between ownership types and parametric types
[25,26]. Previous work encoded ownership parameters as type parameters, but
treated the the current object’s ownership context (the this or This context)
specially; we treat it as a standard type parameter, hidden externally by exis-
tential quantification [13]. With this technique we can encode ownership types
(with generics and existential quantification), Ownership Domains, and Generic
Universe Types. Furthermore, by unpacking the This parameter we can support
a range of extensions, including inner classes [6], dynamic aliases [15], fields as
contexts [12], and existential downcasting [30], within the same standard type
system.

Contributions and Organisation The contributions of this paper are: a thorough
discussion of how various flavours and extensions of ownership types can be



encoded in a standard type system, such as Java’s (Sect. 3); a formal type
system which captures these concepts (including variations and extensions) and
a soundness proof for this system which demonstrates that our encoding enforces
the ownership hierarchy (Sect. 4); and compilers for Generic Universe Types and
Ownership Types (Sect. 5).

Additionally, we give background on Java generics and ownership types in
Sect. 2 and conclude and describe future work in Sect. 6.

2 Background

In this section, we describe features of the Java type system used in our encoding
and ownership types.

2.1 Java Generics and Wildcards

Java has featured parametric and existential types since version 5.0, in the form
of generics and wildcards [20]. Java types consist of a class name and a (possibly
empty) list of actual type parameters. For example, we can describe a list of
books as List<Book>, given a class (or interface) such as, class List<X> {...}.
The formal type parameters (e.g., X) may be used in the body of the class; outside
the class they must be instantiated with actual parameters (such as Book).

Generic types must be invariant with respect to subtyping. However, it is
sometimes safe and desirable to make generic types co- or contravariant. To sup-
port this, Java has wildcards [27]: an object of type List<? extends Book> is a
covariant list of books, that is, a list of some subtype of book. To remain sound,
covariant lists must be ‘read-only’ and contravariant lists ‘write-only’; wildcards
enforce this. Formal models of Java typically use bounded existential types to
represent wildcards [11]: our covariant list is denoted 3X— [ L Book] .List<X>
(L, the bottom type, indicates no lower bound).

A wildcard hides a type parameter; for example, we can store (due to subtyp-
ing) an object of type List<Book> in a variable of type List<?>: the wildcard
hides the witness type Book. Java allows the type to be temporarily named, but
only as a fresh type variable, this is known as wildcard capture and corresponds
to unpacking an existential type!. For example, List<?> can be capture con-
verted to List<Z>, where Z is fresh; however, there is no relationship between Z
and Book.

2.2 Ownership Types

Ownership types [16] are a mechanism for organising the heap into a hierarchy
of contexts. The type system ensures that objects’ positions in the hierarchy
are reflected by their types. This property allows contexts to be used to specify
encapsulation properties (for which ownership types are well known), such as

L Subsumption of concrete types to wildcard types corresponds to packing.



owners-as-dominators [16] and owners-as-modifiers [17], or to specify effects [15]
or invariants [23]. Several mechanisms for reflecting the ownership hierarchy in
types have been proposed, these can be separated into parameter-based systems,
where types are parameterised by contexts (such as ‘vanilla’ ownership types
[16,15], multiple ownership [12], and ownership domains [3]) and annotation-
based systems, where types are annotated to describe relative position in the
hierarchy (such as Universes [17]).

There have been several syntactic (but semantically equivalent) variations in
the way that ‘vanilla’ ownership types are denoted. In our source language we
prefix an object’s type with its owner and parameterise it with actual context
parameters. A class is declared without an explicit owner (only formal context
parameters) and the owner keyword is added to the language for use as an actual
context parameter (similarly to the this keyword); for example,

class List<d> {
this:Node<d> first;

}

class Node<d> {
owner:Node<d> next;
d:0bject datum;

source

Here, a list object owns all of its nodes and the context parameter d owns
the data in the list. We will use this list as a running example.

Encapsulation and Effects Most ownership systems consist of a descriptive part
(describing the topology of the heap) and a ‘prescriptive’ part, which uses the
described topology to specify an encapsulation policy or effect system. Encap-
sulation properties can restrict aliasing (e.g., owners-as-dominators, associated
with ‘vanilla’ ownership types [16]) or access (e.g., owners-as-modifiers, from
Universes [17]). An effect system describes how objects are accessed, rather than
restricting access. In this paper we concentrate on the descriptive aspects of
ownership and so we will not describe these properties in detail.

2.3 0GJ

Ownership types and generics can be combined in an orthogonal fashion [19,10],
giving the benefits and flexibility of both systems. They can also be integrated,
as in Ownership Generic Java (OGJ [26]); the benefits of both systems are still
gained, but with only a single kind of parameter because type parameters are
used to represent context parameters. The only extra ingredient in OGJ (beyond
standard Java generics) is a This type parameter which represents not a type,
but the current context, it is treated specially by the formal type rules.
Our list example can be written in OGJ:



class List<D, Owner> {
Node<D, This> first;

}

class Node<D, Owner> {
Node<D, Owner> next;
Object<D> datum;

0GJ

The syntax is almost identical to the standard ownership types version, other
than that the owner of a type is specified as the last type parameter. The se-
mantics, however, are different: all parameters are treated as type parameters
by the type system, the usual rules for type checking Java are applied, rather
than special ownership types rules. The exception is in dealing with the This,
which is treated as a keyword, rather than a variable, and is thus a valid owner
for first even though it is not declared.

Featherweight Generic Confinement (FGC [25]) uses the same representation
of contexts as type parameters, but without any support for the This context.
The result is a ‘shallow ownership’ system which supports encapsulation by
package, but not on a per-object basis.

3 Encoding Ownership Types into Java

In this section we describe how we encode source ownership types programs into
Java. As in FGC [25] and OGJ [26], we represent the owner of a class and its
context parameters with type parameters. We create a formal type parameter
(This) to represent the this context [13], bounded above by Owner. The inside
relation (context ordering) is encoded by subtyping (as in OGJ). Since this can-
not be named outside its class declaration, we must hide the corresponding This
type parameter where it appears in types, using Java wildcards; conveniently,
the wildcard will inherit the bound declared on This. Our basic list example
(Sect. 2.2) is encoded as:

class List<D, Owner extends World, This extends Owner> {
Node<D, This, 7> first;

}

class Node<D, Owner extends World, This extends Owner> {
Node<D, Owner, 7> next;
Object<D, 7> datum;

Java
Actual context parameters are either World (a class or interface which rep-
resents the root context) or formal context variables (either quantified or with
class scope). The inherited or explicit bounds on these type variables produce a



partial ordering on type parameters corresponding to the ownership hierarchy?.
Because there are no concrete types representing contexts (other than World),
the hierarchy is an illusion: an omniscient type checker would know that all type
variables ultimately hold World. The ‘opaqueness’ of existential types ensures
that the illusory hierarchy is respected during type checking.

Type systems must treat existentially quantified variables as hiding unique
types; this gives the correct behaviour for ownership types in our encoding by
treating each This context as unique. If we did not always hide the This param-
eter, ownership typing would not be effective?:

List<World, World, X> 11 = new List<World, World, X>(Q);
List<World, World, X> 12 = new List<World, World, X>();
11.first = 12.first; //0K, but should be an error

Java

Universes Universes [17] are an annotation-based ownership system. Types
may be annotated with rep (denoting that objects of this type are owned by
this), peer (objects are in the same context as this), or any (objects are in an
unknown context). Generic Universe Types [19] integrate type parametricity and
universe modifiers; the programmer can write types such as rep List<peer Book>,
which represents a list (owned by the current object) of books in the current con-
text. Universe types and ownership types describe the same hierarchies [9].

Generic Universe Types can be encoded into ownership types [9], and then
into Java using the above scheme. The only obstacle is that the universe modifier
any corresponds to an existentially quantified owner (see below); any can be
encoded as an unbounded wildcard.

Ownership Domains Ownership domains [3] support more flexible topolo-
gies and a more flexible encapsulation property than ‘vanilla’ ownership types.
Topologically, ownership domains allow for multiple contexts (called domains)
per object; all contexts are nested within the object’s owner and other objects
can belong to any of these contexts.

To support multiple contexts per object in our encoding we allow multiple
parameters in place of the single This parameter. All these parameters are given
the upper bound of Owner and all must be hidden with wildcards to create the
phantom ownership hierarchy. Types are encoded in the same way as for ‘vanilla’
ownership types.

For example, the following class has two domains and a single domain pa-
rameter:

class C<domP> { domain doml, dom2; 1}

ODs

2 There are effectively two subtype hierarchies: one of real objects with Object at its
root, and one of ownership contexts with World at its root.

3 In this section we will use wildcards in new expressions, this is not allowed in Java
and we describe how to avoid this in Sect. 5.



It is encoded as the Java class,

class C<DomP, Owner, Doml extends Owner, Dom2 extends Owner> {}
Java

3.1 Extensions to Ownership Types

There has been much work on making ownership type systems more descriptive
and more flexible. Generally, the underlying ownership hierarchy is unchanged,
but the language’s types can describe it more precisely, usually combined with a
relaxation of encapsulation properties in certain circumstances. In this section,
we describe several extensions to ownership types and how they can be encoded
in Java.

Bounds Context parameters may be given upper and lower bounds with re-
spect to the ownership hierarchy [15,10]. These are usually denoted inside and
outside, respectively. For example, class C<a outside owner, b inside a>.

Upper bounds on context parameters can easily be replicated using upper
bounds on the corresponding type parameters (e.g. B extends A). The encoded
bounds are with respect to the subtype hierarchy, within which the ownership
hierarchy is encoded. Lower bounds cannot be encoded in Java without changing
the type system to support lower bounds on type parameters.

Context Parametric Methods Methods may be parameterised by contexts
[14,29] in the same way as they can be parameterised by types in Java. This
allows for better code reuse. For example:

<a,b> a:Node<b> next(a:Node<b> n) {
return n.next;

}

source

The next method will work for all possible nodes; without context parametric
methods, such a method could not be written.

Context parametric methods are easily encoded as type parametric Java
methods, upper bounds on context parameters can be handled as above:

<A,B> Node<B, A, 7> next(Node<B, A, 7> n) {
return n.next;

3

Java

Inner Classes Ownership type systems can be made more flexible by giving in-
ner classes access to the this and owner parameters of the surrounding class [6].
This increases the descriptiveness of the type system because more contexts can
be named inside an inner class. Owners-as-dominators can be sensibly relaxed



to allow instantiations of inner classes to hold references to their surrounding
objects (e.g., the curNode field in the following example). This allows iterators
to be implemented in an ‘owners-as-dominators’ system, an early obstacle to
acceptance of ownership type systems. We extend our list example:

class List<d> {

class Iterator {
List.this:Node<d> curNode;
d:0Object next() { return curNode = curNode.next() }

3

class Client {
void m(this:List<world> 1) {
this:Iterator i = l.new this:Iterator()
world:0Object first = i.next();

source

In the encoding, inner classes must be able to name the contexts of their
surrounding class; this happens naturally in Java: an inner class can name type
parameters of its surrounding class. However, we must be careful not to hide the
generated type parameter by adding This parameters for both inner and outer
classes. We accomplish this by appending the name of the class to the names of
the Owner and This parameters (we elide some bounds in the example):

class List<D, Owner, This extends Owner> {

class Iterator<It_Owner, It_This extends It_Owner> {
Node<D, This, 7> curNode;
Object<D, ?> next() { return curNode = curNode.next() }

}

class Client<Owner, This extends Owner> {
void m(List<World, This, 7> 1) {
Iterator<This, ?> i = l.new Iterator<This, 7?>();
Object<World, 7> first = i.next();

Java

Dynamic Aliases An alternative solution to the iterators under owners-as-
dominators problem is to allow dynamic aliases [15]; that is, allow variables on
the stack to reference objects which break owners-as-dominators, and only en-



force owners-as-dominators on the heap. Dynamic aliases achieve this by allowing
local variables to be used as contexts. Extending the original list example:

class Iterator<d> {
owner :Node<d> curNode;
d:0bject next() { return curNode = curNode.next() }

3

class Client {
void m(final this:List<world> 1) {
1l:Iterator<world> i = new l:Iterator<world>();
world:0Object first = i.next();

source

The variable 1 cannot be named outside of m, and so the dynamic alias to i
(owned by 1) cannot be stored in the heap. It is only sound to use final variables
to name contexts.

An object’s context is represented by its hidden This argument; therefore,
encoding dynamic aliases in Java requires naming that argument using a fresh,
temporary type variable which is introduced as an extra type parameter to a
method. Unpacking the hidden This argument to the fresh variable is achieved
by wildcard capture:

class Iterator<D, Owner extends World, This extends Owner> {
Node<D, Owner, 7> curNode;
Object<D, 7> next() { return curNode = curNode.next() }

3

class Client<Owner extends World, This extends Owner> {
void m(List<World, This, 7> 1) {
this.mAux (1)
}

<L> void mAux(List<World, This, L> 1) {
Iterator<World, L, ?> i = new Iterator<World, L, 7>;
Object<World, 7> first = i.next();

Java

The wildcard which hides 1’s This argument is capture converted to the fresh

type variable L when mAux is called. Using 1 as an owner in the source program

is encoded to using L (1’s This argument) as an owner. L can only be named
within the scope of mAux, and this corresponds to the scope of 1.

Our example is simple because it does not require other state to be passed

to mAux. In a more realistic example, we would need to pass any data accessed




in m to mAux, and back again if it is not passed by reference. A simpler encoding
is to modify the original method so that the This argument of 1 is captured by
calling m (rather than when calling mAux). The simpler encoding only works if
the variable being used as a context is an argument rather than a local variable.
Note that the call-sites of m do not have to be modified, despite the extra type
parameter, due to Java’s type parameter inference. The simpler encoding of our
encoding is

class Client<Owner, This> {
<L> void m(List<World, This, L> 1) { ... } //body as mAux

3

Java

Fields as Contexts Similarly to local variables, final fields can be used to name
contexts [12], this again improves flexibility. We can extend the list example:

class List<d> {
this:Node<d> first;
first:0bject £2; //owned by a field

source

Paths of final fields may also be used as contexts [12], e.g., one could allow
the type £3.first:0bject, where £3 is a final field of type List.

We encode fields used as contexts by adding their hidden This parameters
to the class’s parameter list:

class List<D, Owner extends World, This extends Owner, First> {
Node<D, This, 7?7 extends First> first;
Object<First, 7> £2;

Java
Instantiating this class requires that the value of first is passed into the
constructor, wildcard capture is used to name First and then both this and
First are hidden by wildcards.

Existential Quantification Just as type variables may be quantified existen-
tially, so may context variables [10]. This allows for existential ownership types
such as Jo.o:0bject or Jo.this:List<o>. Such quantification has two ben-
efits: context variance, that is subtyping which is variant with respect to the
ownership hierarchy, and expressing partial knowledge about contexts (i.e., an
unknown context or some unknown context within another known context). Ex-
istential quantification is the mechanism which underlies a number of proposals
involving some kind of variance annotations on contexts [22,8].

Existentially quantified contexts can be encoded as wildcards. Since wildcards
are syntactic sugar for existential types, this is not surprising. Both upper and
lower bounds can be straightforwardly encoded. The only difficulty is if quan-
tified contexts have both upper and lower bounds, which is not supported by



Java wildcards. However, because quantification is usually provided by variance
annotations or wildcard-like syntax, this should not be a problem.

Existential Downcasting Downcasting is a common feature in programs, es-
pecially those that do not use generics. When downcasting from type A to type
B, if B has context parameters which A does not, these must be synthesised.
Wrigstad and Clarke propose the use of “existential owners” to handle these
introduced context parameters [30]. For example:

void m(this:0bject x) {
this:List<d> 1 = (this:List<d>) x;
d:0bject first = 1l.first.datum;
l.first.datum = new d:0bject();

}

source

Here x is cast from type this:0bject to this:List<d>, the d context pa-
rameter is a fresh context (an “existential owner”) that can be named in the
scope of the method, and allows operations on 1 to take place. Objects owned
by d cannot be stored in the heap, outside of the original data structure, be-
cause d can only be named locally. Note that there is no explicit quantification,
“existential owners” correspond to unpacked context existential types [8].

We can cast x to a type where D (the encoding of d) is hidden by a wildcard.
We cannot cast directly to a type containing D because D is not in scope. We
must split the method in order to name D using capture conversion:

void m(Object<This, 7> x) {
this.mAux((List<?, This, 7>) x);

¥

<D> void mAux(List<D, This, 7> 1) {
Object<D, 7> first = l.first.datum;
l.first.datum = new Object<D, 7>();

Java

Owners-as-Dominators The owners-as-dominators property specifies that all
reference paths from the root of the ownership hierarchy to any object pass
through that object’s owner: owners dominate reference paths. The property is
enforced by restricting which contexts can be named: if only contexts outside
the current context can be named, then no references can exist into contexts
other than for the current this object.

We have previously sketched how owners-as-dominators can be supported in
an encoding of ownership into Java [13]. This approach can be duplicated here
with the same drawback: owners-as-dominators can only be guaranteed if the
Java compiler is modified, it cannot be supported as a pre-processor step like
the rest of the encodings discussed. The modifications are not major: a small
change to the well-formedness rules for classes and types to ensure that context

10



parameters are outside the declared owner (the usual requirement for ownership
types to support owners-as-dominators). The issue is that at intermediate steps
of computation the compiler might allow the This parameter to be named in
types: this is not a problem for descriptive ownership because is is only tempo-
rary, but can allow owners-as-dominators to be violated.

4 Formalisation

To show that our encoding does in fact demonstrate the behaviour of an own-
ership types system, we extend a model for the Java type system with elements
of our encoding and runtime ownership information. Our formalisation (Tame
FJown) follows the approach of OGJ [26], in representing context parameters
as type parameters, but, by supporting existential types, we do not need any
special machinery to deal with ownership issues.

The bulk of the formal system is relatively standard or follows Tame F.J
[11]. Differences from Tame FJ to model ownership are highlighted in grey .
We also add field assignment, null, a heap, and casting (to model dynamic
downcasts), and make some small improvements elsewhere, these changes are
not highlighted. For the sake of brevity, we do not describe the parts unchanged
from Tame FJ. Parts of the operational semantics, well-formed environments
and heaps, auxiliary functions, and rules for using the heap as an environment
are relegated to the appendix.

Syntax The syntax of Tame FJoyy, is given in Fig. 1. For convenience, and fol-
lowing OGJ [26], we syntactically separate types and type parameters used to
represent contexts from regular types: we use 7 to denote types which represent
contexts, T to denote regular types, and 7 to denote either type; likewise for
parameters, we use 0 to denote type parameters which represent context pa-
rameters, X for regular type parameters, and X for either kind. Importantly, the
two kinds of type are treated almost identically by the type system. We can do
without this convenience by examining the type’s top supertype: contexts will
be bounded by World, other types by Object.

We allow values (v, which are addresses and null; the latter corresponds to
World) to be context (and thus type) parameters at runtime so that we can prove
enforcement of the ownership hierarchy (see Sect. 4.1); values are not allowed as
parameters in source code.

We use a few shorthands for types: C for C<>, and R for 30). R.

Well-formed Types Well-formed types are defined in Fig. 2. In F-CLASS and
F-OBJECT, we do not check that the type parameter in the This position is
well-formed. Instead we check that it is in the environment and is bounded
below by bottom. This ensures that it is always an in-scope variable (in fact it
is usually a quantified variable, although this does not need to be enforced) and
that no other type can be derived to be a subtype of it (as would be the case if
it had a lower bound). This ensures that the This context cannot be named by
using subsumption.

11



e m= 4| null |e.f]|e.f =e|e.<P, P >n(e) expressions
| new C< T,x> | (TMe

v n= ¢ | null values
Q = class C<X<1 T, 0< 7,0wner<t 7, This<1 7 > < N {T f; M}
M n= <X T,0d7 > Tun(Tx) {return e;} method declarations
N w= T, T> | Object< T, 7> | World<> class types
R N | X non-existential types
T,U == JA.N | 30.X types T == T | T  types and contexts
P w= T | x method type parameters P == T | x method parameters
XY == X |0 |v type parameters T = World |0 | v contexts
A n= X—[B; B,ltype environments x, this variables
B =T | L bounds X, Y type variables
I = v:T variable environments 0, Owner, This context variables
¥ n= 1 | x locations or variables locations
H w= 1 —{N; f—v} heaps C, Object, World class names
f,g field names
m method names

Fig. 1. Syntax of Tame FJouwn.

Well-formed types: | A+ B Ok, AFP oKk, A+ R OK

AR A ok
XeA A, A =N oK
AR X oK Ak World<> OK AL oK A x 0K A 3JA N ok
(F-VAR) ( F-WORLD ) (F-BorTtoMm)  (F-STAR) (F-EXISTS)
AF T,7,7, OK
T=T, 7,70, Tt A(re) = [L 71
class C<X<1T,> < N{...} AF 7, OK
APT < [T/X17. Alr) = [L T1
AR C<T> 0K AF Object< 7,,7¢ > OK
(F-Crass) (F-OBJECT)

Fig. 2. Tame FJoun well-formed types, type environments, and heaps.

Type Checking Selected type rules are given in Fig. 3. Object creation (T-NEW)
does not take any (value) parameters (i.e., we don’t have constructors, at run-
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Expression typing: | A;I'Fe: T

AiTFe:3A N fType(f,N) =T’

AT oK AT ke T AAN T < T
A;Fnull: T AillFef =¢€:T
( T-NULL ) (T-AssIGN)
AT, T ok

AF30— [L 71.0<7,7,0> OK
A;I'Fnew C<7,7 ,~ >:30 — [L 71.¢c<7,7,0>

( T-NEW )
Class typing:

A=X—[L T,], Owner—[L 7,],This— [ Owner],0—[L 7,]
0+ A ok AN, T ok
X =X, 0,0wner, This A;this:C<X>+ M oK in C

N = D<7 ,Owner,This> A N <:0bject<Owner,This>

F class C<X<I T, 0< Ty ,0wner<l 7,,This<] Owner > <I N{Tf; M} OK
(T-CLass)

Fig. 3. Selected Tame FJo., expression and class typing rules.

time all fields are initialised to null). This requires null and the T-NULL rule.
Initialising objects in this way is necessary so that fields owned by This can be
initialised. The actual type parameter in the This position of new expressions
must always be %, so no actual parameter is named at initialisation. New ob-
jects are given existential types, with the This parameter existentially quantified
(bounded above by the Owner parameter), which ensures that the actual This
parameter can never be named directly. The extra well-formedness premise in
T-NEW is stricter than the usual well-formedness premise and ensures that the
type parameters are well-formed without the extra, quantified parameter in the
environment.

We add a rule for casting (T-CAsST), which is standard. Unlike in Feather-
weight Java, we do not distinguish between up-, down-, and stupid casts.

In T-CLASS we enforce that the declared upper bound of This is Owner?. The
last two premises ensure that declared classes fall under the Object hierarchy
and are not subtypes of World, which means they cannot be used as context
parameters, and that the Owner and This parameters are invariant with respect
to inheritance. The latter is an important sanity condition of our encoding of
ownership and corresponds to the well-known condition on inheritance and own-

4 The re-ordering of type parameters is a hangover from supporting owners-as-
dominators, where the lower bound of each 0 is Owner.

13



ership [15]. We assume that Object is declared with parameters Owner and This
with the usual bounds.

Operational Semantics Operational semantics are mostly defined in the ap-
pendix; the most interesting change from Tame FJ is in object creation:
v & dom(H) fields(C) = £
H' =H,. — {C<T,T 1> f—null}
new C<7T,7 , >iH ~ 1 H
( R-NEW )

A new object’s runtime type (stored in the heap) is formed by replacing the x
used in the program source by the new object’s address. Together with the usual
rules of substitution (in method invocation), occurrences of both this and This
in class declarations are replaced by the instantiation’s address (¢), unifying the
two representations of the object. Together with the quantification in T-NEw,
objects are, in effect, packed into existential types, with the object’s address as
witness ‘type’.

4.1 Discussion

Ownership types are intrinsically dependent because they reflect objects’ po-
sitions in the heap. We have shown that ownership types can be encoded as
parametric types in a Java-like type system, reminiscent of phantom types [21].
Phantom types are parametric types where type parameters are never used as
types®. Phantom types are used in Haskell to simulate values in types, without
the complexity and decidability issues of full dependent types [21]. This is exactly
what our system is doing with respect to ownership information. We conclude
then, that ownership type systems are, in some sense, no more complex than
standard parametric type systems such as Java’s. Despite their dependent char-
acter, the full power of dependent types is not required to support ownership
type systems. However, we should not overstep the mark and assume that type
parametricity is the only, or even the best, foundational model for ownership
types.

Most of the ownership features described in Sect. 3 can be accommodated in
Tame FJo.,n- Inner classes require encoding and are discussed below. Paths of fi-
nal fields cannot easily by encoded in our formal system. Generic Universe Types
[19] can be accommodated after encoding. Ownership domains would require a
small extension to the formal system, which we have avoided for the sake of
simplicity: each class has a list of This type parameters rather than a single pa-
rameter. Each parameter represents a domain. Since this change merely changes
This to This, we expect very few changes to be necessary to accommodate it.

The extensions to support ownership domains and inner classes (below) are
fairly superficial changes, modifying only the restrictions on type parameters
and which type parameters are hidden in T-NEW.

5 More precisely, phantom type parameters are not used on the right hand side of the
definition of a type constructor.
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Inner Classes Encoding inner classes in Tame FJo,,, would require a small
extension to our formalisation. References to the surrounding object and the
type parameters of the surrounding object must be made available to objects of
the inner class. Extending Tame FJo,,, could be done by adopting a nesting of
classes and objects in the class table and heap or by adding a field to each class
pointing to the surrounding object, and type parameters for the surrounding
classes’ type parameters; object creation becomes more complex, but otherwise
the calculus is not changed too much. The iterator as inner class example from
Sect. 3.1 is encoded as (we elide bounds):

class Iterator<D, L_Owner, L_This, It_Owner, It_This> {
List<D, L_Owner, L_This> out;
Node<D, L_This, 7> curNode;
Object<It_This, 7> privField;

Object<D, ?> next() {...}
}

class Client<Owner, This> {
<LT> void m(List<World, This, LT> 1) {
Iterator<World, This, LT, This, 7> i
= new Iterator<World, This, LT, This, ?>Q);
i.out = 1;
Object<World, 7> first = i.next();

Java
We must use (a presumably capture converted) type variable (LT) for the
This parameter of 1, provide 1’s type parameters to i, and must instantiate the
out field of i.

Type Soundness We have proved type soundness for Tame FJ oy, in the usual
way [28] by proving progress and preservation theorems. For the most part, our
proofs follow those of Tame FJ [11]; they can be downloaded from [1].

In standard existential type systems, witness types are known at runtime,
and type soundness guarantees that no type errors involving witness types occur,
even though the type system has only partial knowledge of these types during
type checking. Taking this approach with Tame FJo,,, would not be very in-
formative, since all witness types (according to T-NEW) will be . Our static
types hold more information (the ownership hierarchy) than is represented by the
‘witness types’. Our soundness result proves that Tame FJo,,, does enforce the
ownership hierarchy, i.e., Tame FJo,,, enforces not only strict type soundness
(well-typed programs won’t access non-existent fields or methods), but also that
objects reside in the context described by their type. Ownership information is
represented at runtime by storing the object’s address into it’s This position (in
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R-NEW), the address propagates into other ownership positions by substitution
(in R-INVK).

In proving type soundness for Tame FJon, we have proved that a one-
stage type checker (corresponding to an integration of our pre-processor and the
Java type checker) is sound, rather than proving that a two-stage type checker
(corresponding to pre-processing and then Java type checking, as in our imple-
mentation) is sound. Our approach is theoretically more direct and reflects what
we envision to be the long term use of our techniques.

5 Implementation

We have implemented compilers for Java with ownership types and Generic
Universe Types by using the techniques described in this paper. Our implemen-
tations are simple source to source translators which pre-process source code to
plain Java; the Java compiler is then used to type check and compile the code.
Most type errors are caught by the Java compiler, only a few are handled by
our translators. Our translators are extensions to the parser and AST elements
of the JKit Java compiler [24]. We encode one class at a time and do not need
to be aware of the whole program. Generated classes will behave well together,
but are incompatible with plain Java classes®.

Our approach supports ownership and universe types on top of nearly the
entire Java Language, including generics, arrays (including the various kinds of
array initialisers), interfaces, inner classes (but not anonymous classes), statics,
and wildcards.

Our implementations are very much prototypes, an industrial strength com-
piler would integrate the encoding with Java type checking, as opposed to our
two-stage process. Integration would allow for meaningful error messages and
support for effects and encapsulation properties. Furthermore, to be usable, a
language requires more than a compiler, libraries must be supported, either by
support for non-ownership aware classes (currently, all classes must be written
with ownership types) or by producing a set of ownership annotated libraries
(or a combination of the two approaches).

Our compilers can be downloaded from [1].

5.1 Ownership Types

Our source syntax is mostly similar to that used throughout this paper. We
support ownership, context parameters, orthogonal generics, context- and type-
parametric methods, final method parameters as contexts (for dynamic aliases),
existential quantification in the form of context wildcards, and inner classes with
access to the contexts and context parameters of the surrounding object. We do
not support local variables (other than method parameters) or fields as contexts.

6 Strictly, since we generate plain Java, one could write classes which behave well with
the generated classes, but not in a way which behaves nicely with the source classes.

16



We support standard casting, including to wildcard owners, but do not directly
support “existential owners”.

Our compiler strips owners and context parameters and replaces them with
type parameters, in both class declarations and in types; in the latter case, using
wildcards in the This position.

The Java compiler does not permit wildcard parameters when objects are in-
stantiated. To get around this, we use the Owner type parameter in the This po-
sition (because it is the only type parameter which satisfies the declared bound)
and immediately cast to the required wildcard type (which inherits the upper
bound):

new world:0bject() //source syntax
new Object<World, 7>() //pseudo-Java
(OwnedObject<World, ?>) new OwnedObject<World, World>() //Java

Note also that, as in OGJ, we have to add an OwnedObject which extends
Object at the root of our class hierarchy to take the encoded ownership pa-
rameters. All classes must extend OwnedObject (rather than Object, which may
happen implicitly) and all uses of Object changed to OwnedObject. In the source
syntax, the object’s owner is implicit in the extends clause, and so translation
of the superclass type must be treated differently from other types. Because we
add OwnedObject and World to our runtime, we must import these classes into
each encoded class file.

5.2 Generic Universe Types

The source syntax is pretty standard for generic universes, e.g., rep List<any Object>.
The translation is much simpler than for ownership types since we do not have

to translate context parameters, only types. Most of the issues faced are simi-

lar, and simpler, than in the ownership types case: we must check for universe
modifiers on all types (but not in extends clauses), Object is translated to
OwnedObject, and care must be taken with array types.

6 Conclusion and Future Work

In this paper we have shown how ownership types, Generic Universe Types,
Ownership Domains, and a range of extensions to ownership type systems can
be encoded using Java Generics and wildcards. The key concepts are the rep-
resentation of context parameters as type parameters, the reification of this
as a type parameter, the hiding of that type parameter using wildcards, and
the phantom ownership hierarchy thus created. Our developments shed light on
the type-theoretic foundations of ownership types and offer a route for practical
compilers constructed upon existing technology.
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Future Work The main thrust of future work will be in supporting owners-
as-dominators, and other encapsulation polices and effects, in our formal work
and compilers. This will require integrating our translating compiler with an
existing Java compiler, which will also allow for better error messages and more
efficient type checking. We would also like to encode libraries with ownership
type information for use with our compilers.
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A Elided Figures

These sections will be provided in an accompanying technical report if the paper
is accepted.

Lookup Functions - —
class CKX<qT,> < D<...> {Uf; M}

fields(Object) = 0 fields(C) = fields(D), £

class C<X<17.,> < N{Uf; M}

fgf class C<X<1T,> < N{Uf; M}
fType(£,C<T>) = fType(£,[T/X]N) fType(£:,C<T>) = [T/X]U;
class C<X¥< 7,> 4 N{Uf; M} class C<X<17,> < N{U' £; M}
_ ¢ M Y4 7T,> Un(Ux) {return eg;} € M
mBody(m,C<T>) = mBody(m, [T/X]1N) mBody(m,C<T>) = (%, [T/X1eo)
class C<X¥< 7,> < N{U£; M} class C<X<1 7,> < N{U'£; M}
m¢g M Y4 T,> Un(Ux) {return ep;} € M

mType(m,C<T>) = mType(m, (T/XIN) 1y Type(m,c<T>) = [7/X1(<y< To>U — U)

Fig. 4. Method and field lookup functions for Tame FJown.
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uBounda(B) = {%BoundA(Bu), ZZ g ; i and A(X) = [Bi B.]

Vj where P; = : Y, € fo(R) Vi where P; #x: T, =P
FRr: [7/Y,T'/X]1R

dom(A) =X  fu(T, TNV, X =0
match((R,3A. R, P,V,T)

xXey
sift((R, R), (X,U), V) = sift(R, U

S

X¢y  sifR U, V)= (R,

U
Sift((Raﬁ)v (X’U)v j) = <(R’Rl)v (X’ l)>

sift(0, 0, V) = (0, 0) sift((R,R), 3A.N,U), ¥) = (R, R), (3A.N,U"))
X & dom(A) A(X) = [B; Bl
Ja X=X Ja X =a By Ja3A" . N=3A, A .N

Fig. 5. Auxiliary functions for Tame FJoun.

21



Subclasses:

class C<X< 7.,> < N{...} FRT: R’ FR'T: R
Fe<T>mr: [T/XIN FRI: R FRT: R
(SC-SUB-CLASS) (SC-REFLEX) (SC-TRANS)

Extended subclasses: | A- BC: B

class CKX<1 7,> < N{...}

AF3A .Cc<T>r:3A . [T/XIN AFlC: B A-BrC: B
(XS-SuB-CrASS) (XS-BorTom) (XS-REFLEX)
A-BrC: B dom(A")N fv(3X—[B; B.].N)=10 fu(T) C dom(A, A"
A+B'C: B AN [T/X1B <: T AAN T < [T/X1B,
AFBC: B AF3JA[T/XIN C: 3X—[B; B.].N
(XS-TRANS) (XS-Env)
Subtypes: | A+- B <: B
A+-BrC: B AFB<:B" AFB'<: B A(X) = [B; Bl
AFB<: B AFB<: B AR X <: By
(S-SC) (S-TRANS) AR B <t X
(S-Bounb)

Fig. 6. Tame FJown subclasses, extended subclasses, and subtypes.

Well-formed type environments:

A X—[B; BJ,A'F B ok A X—[B Bul,A F By, 0K
At uBounda(B;) C: uBounda(By,)
AF B; <: By A, X—I[B; B,1+F A’ ok

I AF X—I[B; B.1,A’ ok
At ok (F-ENV)
(F-ENV-EMPTY)

Well-formed heaps:

Vi —{N; fov} e H:

§ = N ok
fType(f,N) =T O HEv:T
FH ok
(F-HEeAP)

Fig. 7. Tame FJoy,n well-formed type environments and heaps.
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Expression typing: | A;I'Fe: T

AFT OK
A I'Ey: I(y) AT Foull: T
(T-VaR) ( T-NULL )

AT Fe:3A N

A;TFe:3A N fType(£,N) =T’

fType(f,N) =T AT Ee T AA T < T

AlFef:ya T AiTlNFef=¢e:T
(T-FIELD) (T-ASSIGN)
A;TEe:U ATEe:U

AT <:U AT oK ARU<:T AT ok

AT (TMye: T A;TTke:T

( T-CasT ) (T-Suss)
AFT,T oK

AF30— [L 71.0<7,7,0> OK
A: T Fnew C<T,7,~ >:30 — [L 71.¢c<7,7,0>

( T-NEW )

A;TFe:3A N mType(m, N) = <X< B>U — U
AFP oK A;T'Fe:dALR
match(sift(R,U, X),P, X, T)

AN AT < [T/X1B  AA, A+ R<: [T/X1U
AT e.<P>n(e) Az [T/X10

(T-INVK)

Fig. 8. Tame FJo.n expression typing rules.

Method typing: | A+ M OK in C

A =X-[1L T.] AF A ok AAFT,T ok
class C<...> < N{...}
AN Tx:Tke:T
override(m,N, <X <1 7 ,>T — T)
AT = <X< T, >Tn(T x) {return e} OK in C
(T-METHOD)

mType(m, N) = <X T>T — T
override(m, N, <X <1 T>T — T)
(T-OVERRIDE)

mType(m, N) wundefined
override(m, N,<X<1 T>T — T)
(T-OVERRIDEUNDEF)

Fig. 9. Tame FJow» method typing rules.
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Computation:

H() = {N;f—v}
v.fis H~visH
(R-FIELD)

v & dom(H) fields(C) = £
H =H, 1 — {C<T,T,L>; f—null}

H(1) = {N; =0}

H = H[e— {N;v; E-0[fi — v]}]

H(e) = {N;v;...}

v.f; = viH~ vy H
(R-ASSIGN)

H() ={N...}
mBody(m, N) = (X, eo)
mType(m, N) = <X<1 B>U — U

match(sift(N,U,X),P,X,T)

new C<7,7 ,x > H~ v;H'
( R-NEw )
H() ={N...} 0FN<T
(TYt; H~;50H
( R-CasT)

L.<P>m(7); H ~ [u/x, o/this, T/X]eo; H

(R-INVK)

(T)null; H ~»;null; H
( R-CasT-NuULL )

Fig. 10. Tame FJowy reduction rules.

Congruence: | e; H ~ e; H

e;H~e';H e # err
e.fiH~ e £ H
(RC-FIELD)

e2; H ~ ey H' eh # err
1. f = e H~s . f = ey H
(RC-AssIGN-2)

e;H~e;H e # err
L.<P>n(T,e,8);: H ~ .<P>n(v,e ,e); H

(RC-INV-ARQG)

er; H~ el H e} # err
! !
H;e1.f = ea~ Hep.f = e

(RC-AssiGN-1)

e;H~ e s H e’ # err
e.<P>m(e);H ~ e .<P>m(e); H’

(RC-INV-RECV)

e;H~ ey H e #err
(Mye; H~s (TYe'; H
( RC-CasT )

Fig.11. Tame FJown reduction rules.
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Exceptional Computation and Error Propogation:

null.f; H ~ err; H null.f = ¢;H ~> err;H null.<P>m(e);H ~» err;H

( R-FIELD-NULL ) ( R-ASsIGN-NULL ) ( R-INVK-NULL )

H() ={N..} O/ N<:T
(T)Yu; H ~»;err; H

( R-BAD-CAST )

e;H ~ err; H’ e1; H ~ err; H' e2; H ~ err; H'
e.f:H~s err; H’ e1.f = eqg; H~s err; H' e1.f = ey;H ~ err; H’
( RC-FIELD-ERR ) ( RC-AssIGN-1-ERR ) ( RC-ASSIGN-2-ERR )
e;H ~ err; H’ e;H ~ err; H’ e;H ~ err; H’
e.<P>m(@);H~ err;H  1.<P>n(v,e,e); H~ err; H’ (TYe; H ~ err; H'
( RC-INVK-RECV-ERR ) ( RC-INVK-ARG-ERR ) ( RC-CAST-ERR )

Fig. 12. Tame FJown reduction rules.

H=1—{C<T,T,/>; ...} H=1—{C<T,T,/>; ...}
t— [L 71 ,A;0:N.c<T,T,/>Fe: T L= LT, ART < T
AHbFe:T H,Al_T<:T/
(H-T) (HS)

H=1—{C<T,T,/>; ...}
t— [L 7T1,AFT oK
H,A+T oK

(H-F)

Fig. 13. Using the heap as an environment in Tame FJown.
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B Proofs in Detail

For all lemmas and theorems we require the additional premise that the pro-
gram is well-formed, i.e., for all class declarations, Q, in the program, - Q OK.
Throughout, we assume the Barendregt convention, i.e., bound and free variables
are distinct.

To use the premises of a judgement in a proof where we have the conclusion
an inversion lemma is required. However, where a judgement is syntax directed
we reduce trivial overhead by using the inversion of the judgment directly in the

proof.

Lemma 1 (Substitution preserves subclassing).

If:

a.

then:

FROI:R

- [T/XIR : [T/XIR

Proof by structural induction on the derivation of - R [C: R’ with a case analysis
on the last step:

Case 1 (SC-TRANS)

1.
2.

- w

FROI: R/
FR'mT: R
- [T/XIR : [T/XIR
- T/X1R” —: [T/XIR
- [T/XIR —: [T/XIR

Case 2 (SC-REFLEX)

trivial

Case 3 (SC-SuB-CLASS)

© P NS RA R DE

R = C<U>
R’ = [U/YIN

class C<Y...> < N...
[T/XIR = C<[T/X]U>
F c<[T/X]1U> : [[T/X1U/YIN

F class C<Y...> < N... OK
Y... FNOK
[T/X] [U/YIN = [[T/X]U/YIN

- [T/XIR —: [T/XIR

26

} by premises of SC-TRANS

by ind hyp, 1
by ind hyp, 2
by 3, 4, SC-TRANS

} by def SC-SUB-CLASS

by premise SC-SUB-CLASS
by 1, def subst
by 3, SC-SUuB-CLASS

by 3, wf-prog
by 6, def T-CLASS

by 7
by 5,8,2, 4



Lemma 2 (Subsititution preserves matching).

If:
a match((R,3A.R'),P,Y,U)
b XU fo(T)NY) =0
then:
match(([T/X]R, [T/X]13A.R'), [T/X]P,Y, [T/X]U)
Proof
1. Vi whereP; #x:U; =P;
2. Vj where P; =x:Y; € fo(R))
3. FRm: [U/Y,U/Z]R by premises of match
4. dom(A)=12Z
5. foUT,U)NY,Z2=10
6. Zare fresh by 4, Barendregt
7. F [T/XIR: [T/X][U/Y,U/Z]R’ by 3, lemma 1
8. F [T/XIRm: [[T/X]U/Y,[T/XIU'/Z]1 [T/X]JR" by 7,6,b
9. Vi where [T/X]1P; # x: [T/X]1U; = [T/X]P; by 1, def subst
10. Vj where [T/XIP; =% :Y; € fu([T/XIR) by 2, b, def subst
11.  fo([T/X]U, [T/X]U)NY,Z =0 by 5,6, b
12. match({[T/X]R, [T/X]3A.R'), [T/X]P,Y, [T/X]U)by 9, 10, 8, 4, 11

Lemma 3 (Substitution on U preserves sift).

If:
a. sift(R,U,Y) = (R, Tr)
b. (fo(HUuX)NY=10
then:

sift(R, [T/X1U,Y) = (R,, [T/X]T,)

Proof by structural induction on the derivation of sift(R,U,Y) = (R, T,) with a
case analysis on the last step:

Case 1 U=10
trivial

Case 2 U=3A.NU
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7.

( R” JA.N U”)
sift®, U, Y) = ®", U")
[T/X]U = 3[T/X] A. [T/XIN, [T/X]V
sift(R', [T/X]V, Y) = (R, [T/X]U")
sift(R, [T/X1U,Y) =

(R,R”, I[T/X]1A. [T/XIN, [T/X]1U")
sift(R, [T/X1U,Y) = (R, [T/X]T,)

Case 3U=30.Z,UNZ LY

sift(®’, U, Y) = <R", U”>
[T/X]U = [T/X130.Z, [T/X]V
sift(®, [T/X1V, Y) = (R”, [T/X1U")

Case analysis on Z:

Case 1 Z¢X

1.1. [T/X]u=30.Z, [T/X]V
1.2. sift(R, [T/X]U,Y) =
(R,R”, 30.z, [T/XIV")
1.3. sift(R, [T/X]U,Y) = (R,, [T/X]T,)

Case 2 72X

2.1. Z=X;
2.2. [T/X130.2=T;
23. T, =30.Z AZ ¢YVT;, =3A.N
2.4. sift(R, [T/X]U,Y) =
(R,R”, T;, [T/X]U")
2.5. sift(R, [T/X]U,Y) = (R,, [T/XIT,)

Case 4 U=30.2,UANZeY

1.
2.

R=R,R
T,) =

<R7r7 B <R/I U//>

28

} by def sift

by premise sift
by def subst

by 3, b, ind hyp
by 5, 4, 1, sift

by 6, 2

} by def sift

by premise sift
by def subst
by 3, b, ind hyp

by 4
by 5, 1.1, 1, sift

by 1.2, 2

by 2.1, def subst
by b
by 5, 2.3, 2.2, 4, 1, sift

by 2.3, 2.2, 2

} by def sift



[T/X]U = 30.z, [T/X]V

S ok W

done

Lemma 4 (Substitution on R preserves sift).

If:
a.  siftR0Y) = ®.T)

[T/X1U = [T/X130.z, [T/X]U

sift(R, [T/X]U,Y) = (R”, [T/X1U")

by def subst
by 3, b
by 4, 1, sift
by 5, 2

b. f is a mapping from and to types in the syntactic category R.

then: - L
Sift(f<R)aﬁv Y) - <f(Rr)>T7r>

Proof by structural induction on the derivation of sift(R,U,Y) = (R, T,) with a

case analysis on the last step:

Case 1 U=
trivial

Case 2 U=3A.N,U

Case 3U=30.Z,UNZ &Y

R=R,R
(R, T,) = (R,R”, 30.2,U")
sift®, U, ¥) = (R", U")

O U A W N
~
Tt
=
|
=
=]
:—/
=
< T

} by def sift

by premise sift
by 1, c

by 3, ind hyp
by 5, 4, sift

by 6, 2

} by def sift

by premise sift
by 1, c

by 3, b, ind hyp
by 5, 4, sift

by 6, 2



Lemma 5 (Substitution preserves field type).

If:

a. fType(£,C<U>) =U
then:

fType(£, [T/X]1C<U>) = [T/X]U

} by def sift

by 1, c
by 3, sift
by 4, 2

Proof by induction on the derivation of fType(£f,C<U>) = U with a case analysis

on the last step:
Case 1 base case

f=1;

U = [U/Y1U,

class C<Y<1 B,> < N {U £f; M}
fType(£;,C<[T/X]0>) = [[T/X]U/Y]V,
Y< B, F U, oK

[T/X]U, = U,

fType(t:,C<[T/X10>) = [T/X] ([U/YIU))
fType(f,C<[T/X]U>) = [T/X]U

NS G ® N

Case 2 inductive case

1. U= fType(f, [U/YIN)
class C<Y<I B,> < N {W M}
fgf
[T/X]U = fType(£, [T/X] [U/YIN)
JType(t, C<[1T/X]0>) =

fType(£, [[T/X1U/YIN)
Y< B, F N OK
[T/XIN =N
8.  fType(£,C< [@] 0>) =

fType(£, [T/X] [U/YIN)

9.  fType(£,C<[T/X1U>) = [T/X]U

AN

e
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} by def fType
by premise of fType

by 3, def fType

by 3, wf prog, T-CLASS
by 5

by 4, 6, def subst

by 7,1, 2

by def fType

} by premises of fType

by 1, ind hyp
by 2, 3, def fType

by 2, wf prog, T-CLASS
by 6
by 5, 7

by 8, 4



Lemma 6 (Substitution preserves method type).

If:
a. mType(m, C<U>) = <X'q />0 — U

then: -
mType(m,C<[T/X]1U>) = [T/X](<X'< T/>U' — U)

Proof by induction on the derivation of mType(m,C<U>) = <X’ T>U — U with
a case analysis on the last step:

Case 1 base case

XA 150 — U= [U/Y](<X"q T'>U0" — V) by def mType
2. class C<Y< B,> < N {U’' f; M} by premises of mType
3. X'<7T>U m(U’ x) {return e;} €M Y Y
4. let S=<X"aT>U" > U
5.  mType(m,C<[T/X]U>) = [[T/X]U/Y]S by 2, 3 def mType
6. YJB,FSOK by 2, wf prog, T-CLASS
7. [T/XIs=s - by 6
8.  mType(m,C< (T/X] U>) = [T/X1([U/Y]S) by 5, 7, def subst
9. mType(m,C<[T/X]1TV>) = by 8,1, 4

[T/X]1(<X'< T>U' — U))

Case 2 inductive case

1. <X’ T>U0 — U= mType(m, [U/YIN) by def mType
_ —_—
2. class C<Y<B,> < N {U £; M} } by premises of mType
3. m¢M
4.  [T/X1(<X'< Tﬂ —U) = by 1, ind hyp
mType(m, [T/X] [U/Y] N)
5.  mType(m,C<[T/X]1U>) = by 2, 3, def mType
mType(m, [[T/X]U/YIN)
6. Y<B,FNOK by 2, wf prog, T-CLASS
7. [T/XIN=0N by 6
8.  mType(m,C< [@] 0>) = by 5, 7
mType(m, [T/X] [U/Y]N)
9.  mType(m,C<[T/X]U>) = by 8, 4

[T/X]1(<X'< T>U' — V)

Lemma 7 (Weakening of uBound).
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If:

a. uBounda s (B) =B/

b.  dom(A,A")Ndom(A") =10
then:

uBounda,av A (B) =B’

Proof by structural induction on the derivation of uBounda a/(B) =B’ with a
case analysis on the last step:

Case 1 B=30.X

1. uBounda a(B) = uBounda, a(B),

2. A, A(X) = [B Byl by def uBound
3. A A, A(X) = [B Byl by 2, b

4. uBounda a(B), = uBounda ar a/(B)y by 1, b, ind hyp
5. wuBounda av a(B) =B by 3, 4

Case 2 otherwise

1. B =B by def uBound

Lemma 8 (Weakening of subtyping).

If:
a. dom(A,A)Ndom(A") =0
and if:
b. AA'FBLC:B
then:
c. A A A FBLC: B
and if:
d. AAFB<:B
then:

AA A B < B

Proof by structural induction on A, A"+ B <« B' where A+ B < B is defined
to hold if either A+ B C: B or At B <: B’ holds. There is a case analysis on
the last step:

Case 1 (XS-REFLEX, XS-SUB-CLASS, XS-BoTToM, XS-EMPTY)

trivial
Case 2 (XS-TRrANS, S-SC, S-TRANS)

easy, by ind hyp
Case 3 (XS-ENvV)
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B = 3A” . [T/XIN
B = 3X—[B, B,l.N

A A A" - [T/X1B; <: T

A A A" T <: [T/X1B,

dom(A") N fv(3X—[B; B,].N) =10
fo(T) C dom(A, A", A™)

dom(A, A") Ndom(A") =0
dom (A" )N dom(A") =0

© PN Sk ®w NE

dom(A, A, A") N dom(A") =)
A A" AA" - [T/XIB <: T
11. A A" A/, A" T <: [T/XIB,
12.  fo(T) C dom(A, A", A, A)
13. A A A +B<:B

-
e

Case 4 (S-BOUND)

1. (A, A")(X) = [B; Bl
2. (A, A" A (X) = [B; Byl
3. done

Lemma 9 (Weakening of well-formedness).

If:
a. dom (A, Ay Ndom(A") =0
b. A AF oK

where:

c. Y=A" or BorRorx

and if:

d. = A" then dom(A, A", A"") N dom(A") = ()

then:
A A A ) oK

} by def XS-ENv

by premises of XS-ENV

} by Barendregt convention

bya, 7, 8

by 3,9, ind hyp

by 4, 9, ind hyp

by 6, def C

by 1,2,5,10, 11, 12, XS-Env

by premise of S-BOUND
by 1, a
by 2, S-BOUND

Proof. structural induction on the derivation of A, A’ & 1) OK with a case anal-

ysis on the last step:

Case 1 (F-BorToMm, F-ENv-EMPTY, F-WORLD)

Trivial
Case 2 (F-VAR, F-VAR-O)

easy by a
Case 3 (F-EXIST)

33



Ne ok b=

W =3A" N
A A A" ok
A A A" =N oK

dom(A, A", A"y N dom(A”) = 0
A A" ATE AT oK

A AT A A" RN OK

A A A FAY N oK

Case 4 (F-CLASS)

Y =C<T>

?:Tv?a'roa'rt

A A(ry) = [L 71

class C<X< Ty>. ..

AA T, 7,7, OK

AA T < [T/X]T,
VreT. AJA Fr, <7

A A A(ry) = [L T7]
AA AT, 7,71, OK
AN AT < [T/X1T,
VreT AA A1, <1
A A" A1) OK

Case 5 (F-OBJECT)

PoR W

1 = 0bject<7,, 7>
A A 1, OK
A A(r) = [L 7]

A A A(ry) = [L T]
AN A1, 0K
A, A" A e OK

Case 6 (F-EnNv)

PN SOk ®N

©

W =X—[B, B, A"
A, A, X—[B; B,l,A" I-B;,B, OK

A, A"+ uBounda a(B;) C: uBounda, ar(By)

A A =B <:B,
AN, X—[B; B,]+ A" ok
A A -y B, SC

A7AN7AI7X_) [Bl Bu] 5 A= B;,B, OK

A, A A wBounda a(By) T
uBounda, ar(By)
AA A uBounda ar. ar (Bl) C:
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by def F-EXIsT

} by premises of F-EXIST

by a, Barendregt
by 2, 4, ind hyp
by 3, 4, ind hyp
by 5, 6, F-EXIST

by def F-CLASS

by premises of F-CLASS

by 3, a

by 5, a, ind hyp

by 6, a, lemma 8

by 7, a, ind hyp

by 2,1,8,4,9, 10, 11, F-CrLASS

by def F-OBJECT
} by premises of F-OBJECT
by 3, a

by 2, a, ind hyp
by 1,4, 5, F-OBJECT

by def F-Env

by premises of F-ENvV

by 2, d, ind hyp
by 3, a, lemma 8

by 8, a, lemma 7



uBounda ar,a(By)
10. A A" A'+-B; <:B,
11. A A A X—I[B, B, + A" ok
12. A A" A'+x B, sc
13. AA A +X—I[B;, B,,A" ok

Lemma 10 (Weakening of Typing).

I
a. dom(A,A)Ndom(A”) =0
b.  dom(I,I")Ndom(I") =0
c. AA;I'T"Fe:T

then:
AN AT T e:T

by 4, a, lemma 8
by 5, d, ind hyp
by 6, a, lemma 8
by 7,9, 10, 11, F-Exv

O

Proof by structural induction on the derivation of A, A'; T + e : T with a

case analysis on the last step:

Case 1 (T-NULL)

trivial

Case 2 (T-CAsT)

1. e= (D¢
AN T T"Ee U
AANFT < U
AA T ok

AN AT I -e U
AAN NET < U

A A" AT oK

done

S B ol ol

Case 3 (T-VAR)

1. e=x

2. T=(II")(x)

3. (LI (x)=T

4. AA AT T"Fx:T

Case 4 (T-NEw)

1. e=new C<T, T, * >
2. T=30—[LlL 71.¢c<T, 7, 0>
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by def T-CAST

by premises of T-CAST

by 2, a, b, ind hyp
by 3, a, b, ind hyp
by 4, a, b, ind hyp
by 1, 5,6, 7, T-CAsT

} by def T-VAR

by 2, b
by 3, T-VAR

} by def T-NEW



3. AAFT,TOK B b . f T-NEW
4. A AFF-[L T1.c<T, T, 0> OK Y premmses o

5. AA" AFT,T oK by 3, lemma 9

6. AA" AFI0O—=[L T1.¢<T, T, x > 0K by 4, lemma 9

7. AANA LT T"kRe:T by 5,6,1, 2, T-NEW

Case 5 (T-FIELD)

1. e=¢.f

2. T—lamU } by def T-FIELD

3. AA;'T"Ee:3A".N ‘

4. fType(£,N) = U } by premises of T-FIELD
5. AAT AT, TEe :3A” N by 3, a, b, ind hyp

6. AA" A" T"Fe:T by 5, 4, 2, T-FIELD

Case 6 (T-ASSIGN)

1. e=¢.f=¢" by def T-ASSIGN

2. AA:LTEE :3A” N

3. fType(£f,N)=1U ) .

4 ANTI'Ee T by premises of T-ASSIGN
5. AAA"ET<U

6. AA AT, TEe :3A" N by 2, a, b, ind hyp

7. AATA LTI T by 4, a, b, ind hyp

8. AA" AN A"ET<:U by 5, a, lemma 8

9. AA" AT T"Fe:T by 6, 3,7, 8,1, T-FIELD

Case 7 (T-SuBSs)

1. AAIT"Fe:U

2. AARU<T by premises of T-SUBS
3. AARTOK

4. AA" AT, T"Fe:U by 1, a, b, ind hyp

5. AATARUT by 2, a, lemma 8

6. AA"AFTOK by 3, a, lemma 9

7. AA A LT, T"kFe:T by 4, 5, 6, T-SUBS

Case 8 (T-INVK)

-

e = e .<P>m(e)
AN — AHH’Zi by def T-INVK
3. T :U'A””.,Z [T/Y] U

O
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4. AN Ee 3NN

5. mType(m,N) = <Y< B>U—U
6. AA;'I"Fe:dA.R
7
8
9

A AP oK

. A AA" AT <: [T/YIB
10. A A, A" AFR<: [T/Y]U
11. A A" AT T T e :3A" N
12. A A" A LT, T Fe:dAR
13. A, A", A'+P oK
14. A A" A A" ART<: [T/Y]B
15. A, A", A A" AFR<: [T/YIU
16. A A" AL T F el pm 5 [T/YIU

by premises of T-INVK

by 4, a, b, ind hyp
by 6, a, b, ind hyp
by 8, a, lemma 9
by 9, a, lemma 8
by 10, a, lemma 8
by 11, 5, 12, 7,

13, 14, 15, T-INVK

O

Lemma 11 (Well-formed type environments are disjoint).

If:
a. AR A ok
then:
dom(A) Ndom(A") =0

Proof by structural induction on the derivation of A+ A’
ysis on the last step:

Case 1 (F-ENV-EMPTY)
trivial
Case 2 (F-ENv)

A = X—[B, B,],A”

A X—[B; B, F A" oK

X & dom(A)

dom(A, X—[B; B,1) Ndom(A") =10
dom(A) Ndom(A") =0

dom(A) Ndom(X—[B; B,1,A")=10
dom(A) Ndom(A’) =

RN e

OK with a case anal-

by def F-ENV

by premises of F-ENV
by 2, def concatenation
by 2, ind hyp

by 4

by 5,3

by 6,1

O

Lemma 12 (Extension of type environments preserves well-formedness).
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If:

a. AR A ok

b. A A A" oK
then:

AR A A" 0k

Proof by structural induction on the derivation of A+ A" OK with a case anal-
ysis on the last step:

Case 1 (F-ENv-EMPTY)

1.
2.
3.

A =10
AR A" ok
AR A A" ok

Case 2 (F-Env)

ot

PP RN

A =X—I[B; B,1,A4"

A, X—[B; B,1,A"” +B;,B, OK
AF uBounda(B;) C: uBounda(By,)
Ak B; <:B,

A, X—[B; B,1F A" ok

dom(A, AYNdom(A”) =0

A, X—[B, B,,A" A"\ BB, OK
A, X—[B, B,]+F A" A" oK

AF A A" oK

by def F-ENV-EMPTY
by1,b
by 1, 2

by def F-ENV-EMPTY

by premises of F-ENV

by b, lemma 11

by 2, 6, lemma 9

by 5, b, 1, ind hyp

by 7, 3,4, 8, def F-Env

O

Lemma 13 (Concatenation of type environments preserves well-formedness).

If:

a. AR A ok

b. A A" oK

c. dom(A") N dom(A") =)
then:

AF A A" ok

Proof by induction on the size of A’

Case 1 A =0

trivial

Case 2 A £

1.

let A' = X—[B; B,1,A"
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2 A, X—[B; B, ] R A" = B; OK

3 A,X—[B;B,],A"” B, OK

4. AFuBounda(B;) C: uBounda(By)
5. Al By <:B,

6. A X—I[BB,] A" OK

7 A, X—[B;B,], A" A" B, oK
8. A X—I[B B,],A" A" F B, OK
9. dom(A")Ndom(A") =10

10. A, X—[B;B,] F A" A" ok
11. Ak X—I[B; Byl,A", A" oK
12. AR A A" ok

by 1, a, premises F-ENV

by 2, c, lemma 9

by 3, c, lemma 9

byc, 1

by 6, b, 9, ind hyp

by 7, 8,4,5, 10, F-Exv
by 11, 1

Lemma 14 (Limited commutativity of substitution).

If:
a. [U/XIU/XIT=T
b. Xnfu(U)=90
c. XN fo@) =0
d. Xn¥ =0
then:

[U/X1U/X1T=T

Proof by structural induction on the form of T:

Case 1 T=3dA.R

1. T =3[U/X1[U/X'1A.[U/X][U/X']IR
2. T =3[U/X1[U/X]A.[U/X'][U/X]IR
3. T = [U/X]1[U/XIT

Case 2 T = C<T>

1. T =c<U/Xx1U/X'1T>
2. T =c<[U/X]U/XIT>
3. T = [U/X]1[U/X]IT

Case 3 T=Y

Case analysis on Y:

Case 1 YEX
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by def subst
by 1, b, c, d, ind hyp
by 2, def subst

by def subst
by 1, b, ¢, d, ind hyp
by 2, def subst



1.1. [U/X1y =Y

1.2. [U/X]1[U/X1Y = U;
1.3. [U/X]1Y = U;
1.4. [U/X1[U/X]Y = U;

1.5. done with T' =U;

Case 2 Ye X

2.1. [U/X1Y = U,
2.2. [U/X][U/X]Y = U,
2.3. [U/X]Y = Y

2.4. [U/X']1[U/x]Y
2.5. done with T =U;

I
(e

I
[}

Case 3 Y & (X,X)

3.1. T'=Y
3.2. [U/X1[U/XIT=Y

Lemma 15 (Subclassing preserves class type).

If:

a. FRI:N
then:

R=N

by def subst

by 1.1, def subst
by def subst

by 1.3, c

by 1.2, 1.4

by def subst
by 2.1, b
by def subst

by 2.3
by 2.2, 2.4

by def subst
byb, c, d

Proof by structural induction on the derivation of - R I_: N with a case analysis

on the last step:

Case 1 (SC-SuB-CrASss, SC-REFLEX)

trivial

Case 2 (SC-TRANS)
FRI:R
FR T:N

R — N
R=N

o N

Lemma 16 (uBound refines subtyping).
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} by premises of SC-TRANS

by 2, ind hyp
by 1, 3, ind hyp



If:
a. F A ok
and if:
b. AFTC: T
or:
c. AFT<:T
then:
A uBounda(T) C: uBounda(T')

Proof by structural induction on AF T < T where A+ T < T is defined to
hold if either AFTC: T or AFT <: T holds. There is a case analysis on the
last step:

Case 1 (XS-REFLEX)
trivial
Case 2 (XS-SuB-CLASs, XS-ENv)

easy since T=3A" N and T = JA” . N and VIA' .N: uBounda(3A’.N) =3A'.N
Case 3 (XS-BoTTOM)

N/A

Case 4 (S-SC)

easy, by ind hyp.

Case 5 S-BOUND upper bound

1. T=30.X

2. T -3, } by def S-BOUND

3. AQX)=X—I[B; B,] by premise of S-BOUND
4. uBounda(X) = uBounda(By,) by def uBound, 3

5. done by 4, XS-REFLEX

Case 6 S-BOUND lower bound

1. T =B

2. T —30.x } by def S-BOUND

3. AQX)=X—I[B; B,] by premise of S-BOUND
4. uBounda(X) = uBounda(By,) by def uBound, 3

5. AR uBounda(B;) C: uBounda(By) by 3, a, def F-Env

6. done by 5, 4, 2, 1 SC-REFLEX

Case 7 (XS-TRANS)

1. AFTC:T”

2. AT/ C:T } by premises of XS-TRANS/S-TRANS
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3. Al uBounda(T) C: uBounda(T") by 1, a, ind hyp
4. At uBounda(T") C: uBounda(T') by 2, a, ind hyp
5. AR uBounda(T) C: uBounda(T) by 3, 4, XS-TRANS

Case 8 (S-TRANS)

similar to case XS-TRANS
Corollary If A-3A' . N <: A" N and - A OK then A+ JA' .NC: A" . V.

O

Lemma 17 (Subsititution preserves subtyping).

If:
a. Ay T <: [T/XIB,
b. A FI[T/X]B <:T
C. A= A17X—> [Bl Bu],AQ
d. A=A, [T/X14,
e. XN fo(h) =0
f. fou(T) € dom(4")
and if:
g. AFB<: B
then:
A’ + [T/X]B <: [T/X1B
and if:
h. AFBLC: B
then:

A+ [T/X]1BC: [T/X]B

Proof by structural induction on A+ B < B’ where A+ B < B’ is defined to
hold if either A+ B C: B or A+ B <: B holds. There is a case analysis on the
last step:

Case 1 (XS-REFLEX, XS-BOTTOM)

trivial
Case 2 (XS-SuB-CLASS)

1. B=3A".c<U>

B — JA” . [U/YIN } by def XS-SUB-CLASS

3. class C<Y<T,> < N {...} by premise of XS-SUB-CLASS
4. [T/X1B=3[T/X1A".C<[T/X]U> by 1, def subst

5. [T/X]1B = 3[T/X]A”. [T/X] [U/YIN by 2, def subst

6. Y—[L T,JFNOK by 3, wf prog, T-CLASS

7. [T/X1[U/YIN = [[T/X]U/YIN by 6

8. [T/X]1B = 3[T/X]A”. [[T/X]U/YIN by 5,7

9. A+ [T/XIBC: [T/X1B by 3, 4, 8, XS-SUB-CLASS
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Case 3 (XS-TRANS, S-SC, S-TRANS)

easy, by ind hyp
Case 4 (XS-ENv)

M=

H® ® 3 Sk w

11.
12.

13.
14.
15.

16.

17.

0.

B = 3JA”. [U/YIN

B'=3Y—[B] B,].N

A, A" [U/Y1B, <: U

A, A" U <: [U/Y]B,

dom(A")N fv(3Y—I[B] B/,1.N) =0
fv(U) C dom(A, A")

A, [T/X] A v [T/X] [U/Y1B, <: [T/X]U
A, [T/X1 A" + [T/X]U <: [T/X]1 [U/Y]B,

¥ fu(T) =0
YNX=90

XNdom(A") =10
A, [T/X1A” + [[T/X1U/Y] [T/X1B, <: [T/X1U

A, [T/X1 A" b [T/X1U <: [[T/X10/Y] [T/X1B,
Fo([T/X1U) C dom(4’, [T/X]1A")
A+ 3[T/XIA” . [[T/X10/Y] [T/XIN C:
3Y— [[T/X]B; [T/X]B,].[T/XIN
A+ [T/X]13A”. [U/YIN C:
[T/X13Y—[B] B,].N
A'+ [T/X]IBC: [T/X]B

Case 5 S-BOUND lower bound

1.
2.

3.

B=B5
B =Y
A(Y) = [B; B.]

Case analysis on Y:

Case 1 Y € dom(A4,)

1.1. A'(Y) = [B; B,]

1.2. A B <:Y

1.3. [T/X]B=B8,

1.4. [T/X1B =Y

1.5. A’k [T/XIB <: [T/X]1B'

Case 2 Y € dom(As)
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} by def XS-ENv

by premises of XS-ENV

by 3, b-g, ind hyp
by 4, b-g, ind hyp

} by 2, Barendregt’s convention

by 1, Barendregt’s convention
by 7,9

by 7,9
by 6, f
by 12, 13, 5, 14, XS-ENV

by 15, 9, 10, 11, def subst

by 16, 1, 2

} by def S-BOUND

by premise of S-BOUND

by 3, e, Y € dom(4y)
by 1.1, S-BOUND

by 1, 3, e, YEdom(A)
by 2, e, Y € dom(A)
by 1.2, 1.4, 1.3



2.1.
2.2,
2.3.
2.4.
2.5.

A'(Y) = [[T/X]B; [T/X]1B,]
A'F [T/XIB, <: Y

[T/X]B = [T/X]B;

[T/X1B =Y

A’ [T/X]B <: [T/X1B'

Case 3 YEX

3.1.
3.2.
3.3.
3.4.

3.5.

let Y = Xi

[T/XIB=T;

Ay [T/XIB <: Ty

A F [T/X1B; <: Ty

A’ + [T/X1B <: [T/X1B’

Case 6 S-BOUND upper bound

1. B=Y
2. B =B,
3. A(Y)=[B; B,]

Case analysis on V:

Case 1 Y € dom(A4,)

1.1.
1.2,
1.3.
1.4.

1.5.

A'FY <:B,
[T/X]B=Y
[T/X1B = B,

A+ [T/XIB <: [T/X18’

Case 2 Y € dom(As)

2.1.
2.2.
2.3.

2.4.
2.5.

A'(Y) = [[T/X1B; [T/X]B,]
A Y <: [T/X]B,
[T/XIB=Y

[T/X1B = [T/X1B,

A’ + [T/X1B <: [T/X1B

Case 3 YEX

3.1.
3.2.
3.3.
3.4.
3.5.

let Y =X;

[T/XIB=T;

Ay FT; <: [T/X1B,

A T; <: [T/X1B,

A’ b [T/X1B <: [T/X1B’
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by 3, e, Y € dom(As)
by 2.1, S-BOUND

by 1, 3, Y € dom(Ay)
by 2, e, Y € dom(A5)
by 2.2, 2.4, 2.3

by 1, 3.1

by b, 3, 3.1

by 3.3, d, lemma 8
by 3.4, 3.2, 2

} by def S-BOUND

by premise of S-BOUND

by 3, e, Y € dom(4y)
by 1.1, S-BOUND

by 1, e, Y € dom(4y)
by 2, 3, e, Y € dom(A)
by 1.2, 1.3, 1.4

by 3, e, Y € dom(As)
by 2.1, S-BOUND

by 1, e, Y € dom(As)
by 2, 3, Y € dom(Ay)
by 2.2, 2.3, 2.4

by 1, 3.1

by a, 3, 3.1

by 3.3, d, lemma 8
by 3.4, 3.2, 2



Lemma 18 (Subsititution preserves well-formedness).

If:

AF Y OK

A FT <: [T/X]B,
Ay b [T/X]1B <: T
A:Al,X—>[Bl Bu],AQ
A= Aq, [T/X] Az
XﬂfU(Al)ZQ

A1 FT OK

0+ A" ok

FRmO e TP

where:

i Ypu=A, |B|R|*
then:

A'+ [T/X1¢ oK

Proof by structural induction on the derivation of A+ 1 OK with a case analysis
on the last step:

Case 1 (F-BortoMm, F-Env-EmpTY, F-STAR, F-WORLD)
trivial
Case 2 (F-VAR, F-VAR-O)

1. yv=Y by def F-VAR
2.  Yedom(A) by premise of F-VAR

Case analysis on Y:

Case 1 YEX

1.1. let Y=X;

1.2. [T/X]y =T; by 1.1

1.3. A'FT; oK by g, d, lemma 9
1.4. done by 1.2, 1.3

Case 2 Y € dom(Aq, Ag)

2.1. Y € doma’ by 2, YEX
2.2. A’k [T/X]9 oK by 2.1, 1

Case 3 (F-EXIST)
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Nooe W=

Y =3A" N
AR A" oK
A, A" EN oK

A’ [T/X]1A" ok
A'[T/X]1A” = [T/XIN oK
dom(A")YNT =10

A’ [T/X14 oK

Case 4 (F-CLASS)

© X NS R

-
- O

!
BN

Y =C<T>

T:T,?, Tos Tt
A(r) =[L 71
class C<Y<1 7T ,>...
AFT, 7,7, OK
AFT <: [T/X1T,
VreT. Ab1,<: 7

A([T/X17) = [L [T/X]1T]
A+ [T/X1T, 7,7, OK

A= [T/X1T <: [[T/X17 /X1 [T/X]17,
Y—[...]F Tu OK

A [T/X1T <: [[T/X1T/X17T,

vr' e [T/X17. A& [T/X]7, <: 7'

A’ [T/X]19 oK

Case 5 (F-OBJECT)

Sopr wh -

1 = Object<t,, T¢>

Al 1, OK
A(r) =[L 71

A'([T/X]17) = [L [T/X17]
A’ v [T/X1T, [T/X]7, OK
A’ [T/X14 oK

Case 6 (F-ENvV)

AR

1 =Y—[B; B,],4"

A, Y—[B; B,],A” +B;,B, OK

AF uBounda(B;) C: uBounda(By,)
AFB; <:By,

A, Y—[B; B,] - A" ok

AbFx B, SC
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by def F-EXIsT

} by premises of F-EXIST
by 2, b-g, ind hyp

by 3, b-h, ind hyp

by h, Barendregt
by 4, 5, 6, F-ExisT, 1

by def F-CLASS

by premises of F-CLASS

by 3,1

by 5, b-h, ind hyp

by 6, b—g, lemma 17

by 4, wf prog, T-CLASS

by 10, 11

by 7, b-h, ind hyp

by 8, 4, 9, 12, 13, F-CLass, 1

by def F-OBJECT

} by premises of F-OBJECT

by 3,1
by 2, b-h, ind hyp
by 4, 5, F-OBJECT, 1

by def F-ENv

by premises of F-ENV



7. A Y—[[T/X1B, [T/X1B,], [T/X]1A" +- by 2, b-h, ind hyp
[T/X1B;, [T/X]B, OK

8. A\ [T/X1B; <: [T/X]IB, by 4, b—g, lemma 17

9. A’ wuBounda ([T/X1B;) C: uBound ([T/X1B,py 8, h, lemma 16

10. A’,Y—[[T/X]B; [T/X1B,] I [T/X]A” oK by 5, b-h, ind hyp

11. Ably [T/X]1B, sc by 6, b-g, lemma 17

12. A’ F [T/X]14 OK by 7,9, 8,10, F-Env, 1
O

Lemma 19 (Corrolorary to lemma 18).

If:
a. AF 1 oK
b. A, FT<:[T/XIB,
c. Ay F [T/XIB; <: T
d. A= A, X—[B; B,],A
e. A= Ay, [T/X]1 A,
f. XN f’U(Al) = @
g. Al FT oK
h. 0+ Al OK
i. Ahm F Ay OK
where:
j. Yu=A, | B|R|*
then:
A"+ [T/X1¢ oK
Proof
1. Ak [T/X]14; ok by b-i, lemma 18
2. 0k Ay, [T/X]1A; OK by h, 1, lemma 12
3.  A'b [T/X]9 oK by a-g, 2, lemma 18
O

Lemma 20 (Substitution preserves close).

If:
a. yaT=0
b.  fu(T)Ndom(A) =10
c. XNdom(A) =0
then:
Vama [T/7X1T = [T/X]U

Proof by structural induction on the derivation of o T with a case analysis on
the last step:
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1. T=30.X
2. U=30.X by def close
3. Xddom(A)

Case 1

Case analysis on X:

Case 1 X ¢ X
1.1. [T/X]U =U by 2, def subcase
1.2 Jma T/XIT=4zma T by 1, def subcase
1.3. dgmaT=laT by 1.2, def close
1.4. done by 1.1, 1.3, a
Case 2 X =X,
2.1. [T/XIT=T; by def subcase, 1
2.2. [T/X]JU=T; by def subcase, 2
23. AT, =T, by b, def close
24. JgmaTi=Ti by 2.3, irrelevance of range of A in cases
2.5. done by 2.4, 2.1, 2.2
1. T=30.X
Case 22. U={AaBy by def close
3. A(X) = [B B,]
4. X¢X by c, 3
5 [T/XIT =T by 1, 4
6. JaA[T/XIT=UaT by 5
7. Ja [T/XIT={a B, e by 6, 2, a
9. Ugma [T/XIT= [T/X] JA B, by 8, b, c, ind hyp
10. done by 9, 2
1. T=3A'.N
Case 32- U= 3A, AN } by def close
3. [T/X]T=3[T/X]1A’. [T/XIN by 1
4 Vama [@]T = 3@] A, [T/X]1A' . [T/XIN by 3, def close
5. Ugma [T/X1T = [T/X]13A, A".N by 4
6 done by 5, 2

Lemma 21 (Subsititution preserves typing).
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&

then:

SRR RO e T

A;T'Fe:T

Ay F T <: [T/XIB,
AL [ﬁ]Bl <:T

A= A1,X—[B; B,], A,
A= Ay, [T/X1 Ay

XN fu(4) =0
Ay T OK

@l—Al OK

Ay, X—[B; B,] F Ay OK

A’ [T/XIT F [T/X]e: [T/X]IT

Proof by structural induction on the derivation of A;I

analysis on the last step:

Case 1 (T-VAR)

A o

e=1
T=1I(7)
[T/X]le =1

(CT/X11)(y) = [T7K1 (I (7))
A [T/X1T & [T/X]e: [T/X]T

Case 2 (T-NuULL)

by lemma 19
Case 3 (T-CaAsT)

S A o

e= (e
A TRe U
AT < U
AFTOK

A’ [T/X1T F [T/X1€’ : [T/X1U
AF [T/XIT <: [T/X]U

A’ [T/X]T oK

done

e=new <7, T, * >
T=30—I[Ll 7].¢c<T, 7, 0>

AFT,T oK
AF3J0—I[L 71.C<T, T, 0> OK

49

F e : T with a case

} by def T-VAR
by 1

by def subst
by 3, 4, T-VAR, 1, 2

by def T-CAST

} by premises of T-CAST

by 2, b, ind hyp

by 3, b-g, lemma 17
by 4,b-i,lemma 19
by 5, 6, 7, T-CAST

} by def T-NEW

} by premise of T-NEW



5.

A"+ [T/X17T, [T/X17 ok
A'F [T/X]130—[L 71.¢c<7T, T, 0> OK
done

Case 5 (T-FIELD)

Se®XPIS o A M=

e=2¢.f
T=4aU
A;TEe :3A” N
fType(£,N) =T

A [T/XT ¢ [T/X1e’ : [T/X13A" .8

A [T/X|T F [T/X1e’ : 3[T/X1 A" [T/XIN
fType(£, [T/XIN) = [T/X]U

A [T/X|T [T/XTe gz an [T/X1U
A [T/X|TE [T/X]e: [T/X] far U

done

Case 6 (T-ASSIGN)

e
- O

© PN pwh =

e=¢.f=¢"

AL Ee :3A” N

fType(£,N) =U

A TEe’ T

AA'FT<:U

A [T/X|T - [T/X1e : [T/X13A” .8

A [T/X)T F [T/X1e’ : AT/XT A" [T/XIN
fType(£, [T/XIN) = [T/X]U

A [T/X - [T/x1e” : [T/X]T

A [T/X1A” [T/X|T F [T/XIT <: [T/X]U
A T/X T F [T/X]e: [T/XIT

Case 7 (T-SUBS)

Nep b=

A;T'Fe:U
AFU<:T
AFTOK

A [T/X1T F [T/X]e : [T/X]1U
Ak [T/X]U <: [T/XIT

A"+ [T/X]T OK

done

Case 8 (T-INVK)
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by 3, b, lemma 19
by 4, b, lemma 19
by 5, 6, T-NEW

} by def T-FI1ELD
} by premises of T-FIELD

by 3, b, ind hyp

by 5, Barendregt

by 4, lemma 5

by 1, 6, 7, T-FIELD

by 8, lemma 20, g, Barendregt
by 9, 2

by def T-ASSIGN

by premises of T-ASSIGN

by 2, b, ind hyp

by 6, Barendregt

by 3, lemma 5

by 4, b, ind hyp

by 5, b, ind hyp

by 1,7, 8,9, 10, T-ASSIGN

} by premises of T-SUBS

by 1, b, ind hyp
by 2, b—g, lemma 17
by 3,b—i,lemma 19
by 4, 5, 6, T-SUBS



© P NS E® =

[
e

e
N =

13.

14.
15.

16.

17.
18.

19.
20.

21.

22,

23.
24.

25.

e = ¢ .<P>m(e)

T :‘U/A///’Z [T//Y]U

A;TEe A" N

mType(m,N) = <Y—[B; B,]>U—U
A;T'Fe:dAR B
mat(jl(sift(ﬁ, U,Y),P,Y,T) by premises of T-INVK
AP OK

A A" AFT <: [T'/Y]B
A A" AFR<: [T/YIU

} by def T-INVK

A [T/X1T F [T/X1e : [T/X13A" N by 3, b, ind hyp
A [T/X1T b [T/X1e’ : AT/X1A” . [T/XIN by 10, def subst, Barendregt, g
mType(m, [T/XIN) = by 4, lemma 6
<Y—[[T/X]B; [T/X]B,]>[T/X]U— [T/X]U
Ay [T/X1TF [T/X]e : [T/X]13A.R by 5, b, ind hyp
A; [T/X1T F [T/X]e : A[T/X]A. [T/XIR by 13, def subst, Barendregt, g
XU fo(T)NY)=10 by 4, disjointness of formal variables, g

match(si ft([T/X1R, [T/X]U,Y), [T/X]P,Y, [T/X]1T’)

by 6, 15, lemma 2, lemma 3, lemma 4
A" [T/X1A; + [T/X] T:; OK by 7, b, lemma 19
A [T/X1A”, [T/X1A & [T/XIT, <: [T/X] [T'/Y1B;

by 8, b-g, lemma 17

Y—[B; B,] + B, OK by def mType, wf prog, T-CLASS, T-METHOD
A TT/X1A™, [T/X1A F [T/X1T, <: [[T/X]1T//Y1B;
by 18, 19

A’ [T/X1A" [T/X1AF [T/X]R <: [T/X][T'/Y]U
by 9, b—g, lemma 17
A [T/XT - [T/X1e . < [(T/X1P>m([T/X] @) by a5y [LT/KIT//Y] [T/X1U
by 11, 12, 14, 16, 17, 20, 21, T-INVK
[T/X1[T'/Y1U = [[T/X]T'/Y][T/X]U by g
A’ [T/X1T F [T/X]e’ .<[T/X1P>m([T/X]e) : [T/X] bam & [T'/YlU

by 22, lemma 20, g, Barendregt, 23
done by 24,1, 2

Lemma 22 (Superclasses are well-formed).

If:

C.

FRI:R
AFROK
0+ A oK
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then:
AFR OK

Proof by structural induction on the derivation of = R _: R’ with a case analysis
on the last step:

Case 1 (SC-REFLEX)

trivial
Case 2 (SC-TRANS)

. "
; :: g/F:th/ } by premises SC-TRANS
3. ARR’'O0K by 1, b, c, ind hyp
4. AFRR oK by 2, 3, ¢, ind hyp

Case 3 (SC-SuB-CLASS)

1. R=C<T> } by def SC-SUB-CLASS

2. R =I[7/XIN
3. letX =Y,0,0,,0;
4. letT =U,7,7,,7
5. class C<X< T,> < N... by premise SC-SUB-CLASS
6. Fclass C<X< T,> < N... OK by 5, wf-prog
7. Y— [Llu] ,0—1[0, T,1,0, —»[L T,1,0, =»[1L T,]FNOK by 6, def T-CLASS
8. N=D<T7’,0,,0:>
9. AFT < [T/X]T,
10. A+ T OK by 1; b: def F_CLASS7 5
11. VreT. A1, <7
12. [7/Xx]0, =T, by 3, 4
13. Ar[7/X]10,<:T by 11, 12
14. X Ndom(A) =10 by 5, distinctness of formal variables
15. A y-—I[l T,],0—~[0, T,1,0, —[L T,1,0, — [IbyT7] 1N lewma 9
16. AF [T/X]N OK by 15, 10, 9, XS-BTTM™, 13, ¢, 14, lemma 1¢
17. AFR ok by 16, 2
O

Lemma 23 (Subclassing preserves field types).

If:
a. NN
b. fType(£,N) =T
then:
fType(£,N) =T
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Proof by structural induction on the derivation of = N I": N with a case analysis

on the last step:

Case 1 (SC-REFLEX)
trivial
Case 2 (SC-SuB-CLASS)
1. N=cC<U>
2. N = [U/xN"
3. class C<X...> < N {T £; M}
Case analysis on f € f:

Case 1 f =f7;

1.1. £ ¢ fields(N")
1.2. fType(f,N') not defined
1.3. contradiction

Case 2 £ ¢ £

2.1. f € fields(N")

2.2. fType(f,N) = fType(£, [U/X] NN)
2.3. fType(f,N) =T

Case 3 (SC-TRANS)

FNI:R
FROI: N

R =N
fType(m,N") =T
fType(m,N) =T

SRk e

} by def SC-SUB-CLASS

by premise of SC-SUB-CLASS

by distinctness of field names
by 1.1, def fType, def fields
by 1.2, b

by distinctness of field names

by 2.1, def fType, def fields
by 2.2, 2, b

} by premises of SC-TRANS

by 2, lemma 15
by b, 2, 3m ind hyp
by 4, 1, ind hyp

Lemma 24 (Subclassing preserves method return type).

1If:

a. FN; N

b. mType(m,No) = <Y1 T, >T—T
then:

mType(m,N;) = <Y< T, >T—T

Proof by structural induction on the derivation of = N; [C: No with a case

analysis on the last step:
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Case 1 (SC-REFLEX)

trivial
Case 2 (SC-SuB-CLASS)

1. Ny = Cc<U>

2. N, = [U/XIN } by def SC-SUB-CLASS

3. class C<X...> < N {T’ £; M} by premise of SC-SuB-CLASS

Case analysis on m € M:

Case 1 meM

1.1. mType(m,N;) = [U/X]<Y'< T;>F—>T/ by def mType

1.2, <Y< T> T m(T x) {...} €M by premise of mType

1.3. X...F<Y<T>T m(T;x) /{. ..} OK by wf prog, 3, premises of T-CLASS
1.4. overrride(m,N,<Y'<q T/, >T'—T) by premise T-METHOD, 1.3

1.5. <Y'« T;>?—>T/j m?“ype(m, N) by 1.4, b, 2

1.6. [U/X1<Y'< T, >T'—T = mType(m, [U/XIN) by 1.5, lemma 6

1.7. done by 2, 1.6, 1.1
Case 2m¢gM

2.1. mType(m,N;) = mType(m, [U/XIN) by def mType

2.2. done by 2.1, 2

Case 3 (SC-TRANS)

1. FN;C:R .

2. FRI:MN, } by premises of SC-TRANS
3. R=Nj3 by 2, lemma 15

4.  mType(m,N3) = <Y< T, >T—T by b, 2, ind hyp

5. mType(m,Ny) = <Y< T, >T—T by 4, 1, ind hyp

Lemma 25 (Expression substitution preserves typing).

If:
a. AL v:Uke:T
b. A TEe U
c. AFU < U
d. AU OK
then:

AT [e/y]e: T
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Proof by structural induction on the derivation of A;I',~v:Uk e : T with a case
analysis on the last step:

Case 1 (T-VAR)

1. e=¢«

2. T=I() } by def T-VAR

Case analysis on +':

Case 1 v =«

1.1. T=U by a, 2
1.2. [e//y]le=¢' by def subst
1.3. AT [e/y]le: U by 1.2, b
1.4. A; ' [e/7]e:U by 1.3, ¢, d, F-Exv-EmpPTY, T-SUBS
1.5. A; 'k [e//vle: T by 1.4, 1.1
Case 2 v #~

2.1. [e'/yle=e by def subst
2.2. A;T'H[e/~]le: T by2.1,2,1,a

Case 2 (T-NULL)

trivial
Case 3 (T-CasT)

1. e= ()¢ by def T-CAST

2. ATy:Uke:T

3. AFRT< T by premises T-CAST
4. AFTOK

5. A;IF[e/yle T by 2, b, ¢, d, ind hyp
6. AI'be:T by 1,5, 3,4, T-CaAsT

Case 4 (T-NEw)

trivial

Case 5 (T-FIELD)

e==¢c."f

T={a T

AT, y:URe” :3A' N
fType(£,N) =T’

} by def T-FIELD

o b

} by premises T-FIELD
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P>

A;TF [e/y1e" :3A.N by 3, b, ¢, d, ind hyp

AT [e/yle” . fda T by 5, 4, T-FIELD
[e//v]le = [e//v]e" . £ by def subst, 1
AT E [e/y]e: T by 6,7, 2

Case 6 (T-ASSIGN)

—

PPN vk

e

e=e."f = e3 by def T-ASSIGN
AL y:Uk e’ JA'N
fType(£,N) =T

AT, y:Ubes:T by premises T-ASSIGN

AANFT< T

A;TF [e/41e” :3A7.N by 2, b, ¢, d, ind hyp
A;TE [ef/vleg: T by 4, b, ¢, d, ind hyp
AT E [el/v1e”.f = [e//y]es: T by 6, 3, 7, 5, T-ASSIGN
[e'/y]le = [e//y1e” . £ = [e//7]eq by def subst, 1

A;T - [e'/vle: T by 8, 9

Case 7 (T-INVK)

© X NSO ® NE

e
N Ee

13.
14.

e =-¢".<P>m(e)

T :U'A”,Z [T/Y] Um

AL y:Uke”:3A”.N

mType(m, N) = <Y< B,,,>U,,, — Uy
AT v: Uk e:dAR

match(sift(R,Up,Y),P,Y,T) by premises T-INVK
A, AFTOK

A A" AET <: [T/Y1B,,

A A AR 3R < [T/YIU,

A;TF [e//~]1e” :3A7 N by 3, b, ¢, d, ind hyp
A;TF [e/y]e: JAR by 5, b, ¢, d, ind hyp
Ak [e'/y1e” .<P>u(le’/y1e) | 4, % [T/Y1U,
’ by 10, 4, 11, 6, 7, 8, 9, T-INVK
[e'/y]e = [e//y]e” .<P>m([e’/v]e) by def subst, 1
A;T'Fe: T by 12, 13, 2

} by def T-INVK

Case 8 (T-SuBs)

Sl W

AT, v:Uke: T

AT < T by premises T-SUBS
AFTOK

AT E[e/y]le: T by 1, b, c, d, ind hyp
A TFe: T by 4, 2, 3, T-SUBS
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Lemma 26 (Corrolary to lemma 25).

a. A y:Uke: T
b. AFU < U
c. AFUOK
then:
AT y:Uke:T

Proof
1. ALY :U,y:UFe:T by a, x' is fresh, lemma 10
2. ALY UFA U by T-VAR
3. A LA:UF[y/yle:T by 1, 2, b, c, lemma 25
4. A y:Uke:T by renaming 3
O

Lemma 27 (fType gives well-formed types).

If:
a. fType(£,C<T>) =T
b. 0+ A ok
c. AF3A.c<T> oK
then:
A A FT oK

Proof by induction on the derivation of fType(f,C<T>) = T with a case analysis
on the last step:

Case 1 base case

class C<X<q T,>...T £f;... by premise fType
£f=1;
T = [T/X1T; } by def IType

letX =Y,0,0,,0,

letT =TU,7,7,, T

F class C<X<q T,>...T f;... OK by 1, wf-prog

Yy—[l T,],0—~[0, T,1,0, —[L T,1,0, = [L Thy 6 TepK-CLASS

A A Y—[L T,],0—~[0, T,],0, —[L T,1,0; &[T, 1,ldbislipcdtess of formal variables,
lemma 9

NS W

9. A A FC<T> 0K

10. AF A’ Ok } by c, def F-EXISTS
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11. A AT oK

12. A AT <: [T/X]T, by 9, def F-CLASS

13. VreT. A1, <:T

14. O+ A, A oK by 10, b, lemma 12

15. [7/X]10,=T, by 4, 5

16. AR [T/X]0,<:T by 13, 15

17. A A'F [T/X1T; OK by 8, 11, 12, XS-BTTM, 16, 14, lemma 18
18. A A FT oK by 17, 3

Case 2 inductive case

class C<X<1 T,> < N ...T £;... .

_ by premises fType
f¢F
T = fType(f, [T/X]1N) by def fType

letX =Y,0,0,,0,

letT =U,7,70, 7%

Fclass C<X<1 T,> N ...T £;... OK by 1, wf-prog

Y—[l T,],0—[0, T,],0, —[L T,1,0; —[L Thy & MefrI-CLASS

A A Y—[L T,]1,0—~[0, T,1,0, —[L T,1,0; &[T, T,ldistinotness of formal variables,
lemma 9

} by c, def F-EXISTS

N

9. A,A'FC<T> 0K
10. AR A’ oK

11. A AT oK

12. AAFT <: [T/X1T, by 9, def F-CLASS
13. VreT. A1, <7
14. 0+ A, A" ok by 10, b, lemma 12
15. [T/X10, =7, by 4, 5
16. A+ [7T/X]0,<:T by 13, 15
17. A AR [T/XIN OK by 8, 11, 12, XS-BTTM, 16, 14, lemma 18
18. A A'FToK by 3, 17, 14, ind hyp
O

Lemma 28 (mType gives well-formed types).

If:
a. mType(m,C<T>) = <Y< T,>T—T
b. 0+ A ok
c. AF3JA.C<T> oK

then:

A A Y—[L T,]FTOK
A A Y=TL T,JFToOK
A A Y—[L T,] T, OK
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Proof by induction on the derivation of mType(m,C<T>) = <Y< T,>T—T with
a case analysis on the last step:

Case 1 base case

© PSR W =

11.

12.
13.

14.
15.

16.
17.
18.

19.
20.

21.
22,

23.

class C<X<1 U,> <« N ...M...
<Y< TU>T m(T x) ... €M

NI T >T-T = [T/X1<Y' < T >T —T
letX =Y,0,0,,0,

letT =U,7,70, 7%

F class C<X< U,>...M... OK

} by premises mType

by def mType

by 1, wf-prog

0—I[o, U,],0, —[L U,1,0 —[L U,]F <Y< T)p¥, d@Tx@LASS OK
0=10, U,1,0, —[L U,1,0, =[L U,1,Y —[L WY de},T-derion
A A 0—10, U,l,0, —[L U,1,0; =[L U,1,Y bep 8LITZ, HiFtitt0rss of formal variables,

lemma 9

0—1[0, U,],0, —[L U,1,0, —[L U, FY —[byl7] dak T-METHOD
A, A o0—[0, U,l,0, —[L U,]1,0; —[L U] F Wy2Q,L1 T Istrctness of formal variables,

lemma 9

0—100, U,J,0, —[L U,J,0, —[L U,J,Y =L 8,10; Hefok Exv
A A 0—[0, U,l,0, —[L U,J,0; =[L U1, Y bep12, T, 2% dlstidictness of formal variables,

A, A" C<T> oK
A A ok

A AT ok

AA T < [T/X1U,
VreT. A1, <1
0D+ A, A oK

[7/X10, =1,
AF[T/X]0, <: T

lemma 9

} by c, def F-EXISTS

by 14, def F-CLASS

by 15, b, lemma 12
by 4,5
by 18, 20

A ALY —[L [T/X1T,]1F [T/X1T,, [T/X1T, [T/X1T oK

AA Y—[L T, FT,,T,T OK

Case 2 inductive case

Gk e

class C<X< U,> <« N ...M...
m¢gM

<Y< T, >T—T = mType(m, [7/X]IN)
letX =¥,0,0,,0;

letT =0U,7,7,, T
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by 9, 13, 16, 17, XS-BrTM™M, 21
19, 11, lemma 19
by 22, 3

} by premises mType

by def mType



6. Fclass C<X<1 U,> < N ...M... 0K by 1, wf-prog
Y-[L T,],0—~[0, U,],0, —[L U,],0; —[L Uy 6; MK -CLASS
8. AAY-[L T,],0—~[0, U,],0, —[L U,],0; &[T, W,] N OK
distinctness of formal variables, lemma 9

=

9. A, A FC<T> 0K

10. AF A oK } by ¢, def F-EXISTS

11. A A FT ok

12. AA T <: [T/X10, by 9, def F-CLAsS

13. VreT. A1, <:T

14. OF A A oK by 10, b, lemma 12

15. [7/X10, =1, by 4,5

16. AF [T/X]0,<:T by 13, 15

17. AA'F [T/X]N OK by 8, 11, 12, XS-BTTM, 16, 14, lemma 18
18. A A Y—-[L T,IFTOK

19. A, A YS[L T, FTOK by 3, 17, 14, ind hyp

20. A, A Y=[L T, F T, OK

O
Lemma 29 (match gives well-formed types).
If:
a. AFP oK
b. AFdJA.R OK
c 0+ A ok
d match((R,3A’.R'),P,Y,T)
then
A AT 0K
Proof
1. ViwhereP; #%:T; =P; B
2. Vj where Pj =x:Y; € fu(R)
3. FR@m: [T/Y,T/XIR by d, def match
4. dom(@ =X
5. fu(T, T)NY,X=0
6. A AFROK
7 AL 7 ok } by b, def F-EXIST
8. 0FA AO0K by 7, c, lemma 12
9. A,AF [T/Y,T'/XIR 0Ok by 3, 6, 8, lemma 22

Case analysis on each T; € T:
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Case 1 P, # %

1.1. AFP; OK bya

1.2. A AFP; OK by 1.1, 8, lemma 9
1.3. A,AFT, OK by 1.2, 1

Case 2 P; = %

2.1. Y; € fo(N) by 2

2.2. let N = C<U>

2.3. [T/Y,T'/XIN' = C<[T/Y,T'/X1U> by 2.2, def subst

2.4. 3, such that [T/Y,T/XIN; = Cj<...,T;,...> by2.1, 2.3

2.5. AJAFT; OK by 2.4, 9, def F-CLASS

Lemma 30 (Close gives well-formed types).

1If:
a. A, AT oK
b. AR A ok
then:
AFJa T OK

Proof by structural induction on the derivation of | A T with a case analysis on
the last step:
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Case 1 1
1. T=30.X
2. YuT=30.X } by def close
3. Xd&dom(4") by premise of close
4. AF30.X ok by 3, a, def F-VAR
5. done by4,1, 2

Case 2 2
1. T=30.X

by def close

2. yaT={aB, } y def
3. A'(X)=[B; Byl by premise of close
4. A/ A'FB, OK by b, def F-ENv
5. AHrRJa B, OK by 4, b, ind hyp
6. done by 5, 2

Case 3 3



T=3dA".N
b T— 3N, A" N } by def close

1.
2.
3. A AR A oK
4. AN, A"ETY oK } by a, 1, def F-EXISTS
5. AR A" A ok by 3, a, lemma 12
6. AF3A AN oK by 5, 4, F-EXISTS
7. done by 6, 2
O

Lemma 31 (Typing gives well-formed types).

If:

a. A;T'Fe: T

b. 0OFAOK

c. Vx € dom(I"): At I'(x) OK
then:

AT OK

Proof by structural induction on the derivation of A;I' F e : T with a case
analysis on the last step:

Case 1 (T-VAR)

1. A= by def T-VAR
2. T=I(x) by def T-VAR
3. done by2,1,c

Case 2 (T-Sus, T-Cast, T-NuLL, T-NEW)

trivial

Case 3 (T-FIELD)

1. e=¢.f

2. T=lAU } by def T-FIELD

3. AI'ke:dAN .

4. fType(£,N) = U } by premises T-FIELD
5. AFJA.N oK by 3, b, ¢, ind hyp

6. A AFUOK by 4, 5, b, lemma 27
7. AR A ok by 5, def F-EXISTS

8. AFRJa UoOK by 6, 7, lemma 30

9. done by 8, 2

Case 4 (T-ASSIGN)
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1 e=¢e.f =¢e
2 A TEe”:T
3 AF T OK

Case 5 (T-INVK)

1. e=¢'<P>m(e)

2. T=|, 5 [T/11U

3. AI'ke:3A”.N

4. mType(m,N) = <Y< T, >U—U
5. A;I'Fe:3JA.R

6. AFPOK

7. A A AFT<: [T/YIT,
8. match(sift(R,U,Y),P,Y,T)
9. AF3JA” N OK

10. A, A" YS[L T, FU oK
11. AFJA.ROK

12. A, AFTOK

13. A A", AFToOK

14. A A" AY—[L T, FUOK
15. AF A” ok

16. Ak Aok

17. AR A" A o0k

18. 0+ A, A" A oK

19. A, A" Ak [T/YIU OK
20. AF|,, 7 [T/YIU OK

21. AFTOK

by def T-ASSIGN
by premise T-ASSIGN
by 2, b, c, ind hyp

} by def T-INVK

by premises T-INVK

by 3, b, c, ind hyp

by 4, 9, b, lemma 28

by 5, b, c, ind hyp

by 6, 11, b, 8, def sift, lemma 29
by 12, 7, lemma 9

by 10, 7, lemma 9

by 9, def F-EXISTS

by 11, def F-EXISTS

by 15, 16, Barendregt, lemma 13
by b, 17, lemma 12

by 14, 13, 7, XS-BTTM, 18,
F-Env-EmpTY, lemma 19

by 19, 17, lemma 30

by 20, 2

Lemma 32 (Inversion Lemma (object creation)).

If:
a. A;TbFnew C<T, T, » >:T
then:
AT, T 0K
AF30—I[L T].c<T, T, 0> 0K
AF3J0O—[L 71.¢c<T, T, 0><:T

Proof by structural induction on the derivation of A;I' Fnew C<T, T, » >:T
with a case analysis on the last step:

Case 1 (T-NEw)
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T=30—[1l 71.¢c<7, 7, 0>
AFT,T oK
AF30—[L T].c<T, T, 0> 0K

owh =

done

Case 2 (T-SuBs)

1. A T'Fnew C<7T, T, x>:U

2. AFU<:T

3. AFTOK

4. AFT,T ok

5 AF3J0—I[L 71.¢c<T, T, 0> 0K
6. AF3J0—[L T]1.C<T, T, 0><:U
7. AF30—[L T1.¢c<T, 7, 0> <: T
8. done

Lemma 33 (Inversion Lemma (field access)).

If:

a. A;T'Fef =€ :T
then:

A;TFe:dA N

AFya fType(£,N) <: T

by def T-NEW

} by premises T-NEW

by 3, 2, 1, reflexivity

by premises T-SUBS

by 1, ind hyp

by 6, 2, S-TRANS
by4,5, 7

Proof by structural induction on the derivation of A;I' - e.f : T with a case

analysis on the last step:
Case 1 (T-FIELD)

T=laU
A;TFe:dA' N
fType(£,N) =U

oW

done

Case 2 (T-SuUBS)

A TEe.f:U
AFU<:T
AFTOK

A;T'Ee:dA' N
AFya fType(£f,N) <: U

Sk Wi
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by def T-FIELD

} by premises T-FIELD

by 2, 3, 1, reflexivity

by premises T-SUBS

} by 1, ind hyp



6. AFla fType(f,N) <:T by 5, 2, S-TRANS
7. done by 4, 6

Lemma 34 (Inversion Lemma (field assignment)).

If:

a. AilNFef =€ :T
then:

AT e:dA N

U= fType(£,N)

A TEe U

AARU < U

AFU < T

Proof by structural induction on the derivation of A; " - e.f = e : T with a
case analysis on the last step:

Case 1 (T-ASSIGN)

1. T=U by def T-ASSIGN

2. AT'be:dA'.N

3. fType(f,N)=1U . )

4. ATFe U by premises T-ASSIGN
5. AAFRU <:U

6. done by 2, 3, 4, 5, 1, reflexivity

Case 2 (T-SuBS)

1. A T'ke.f =¢€:U"

w1

AFTOK

A;lNEe:3A N

fType(£,N) =U

A;TEe U by 1, ind hyp
AA U < U

ARU < U’

AFU < T by 8, 2, S-TRANS
0. done by4,5,6,7,9

H® ®x3a ok

Lemma 35 (Inversion Lemma (method invocation)).

65

ARU" < T by premises T-SUBS



If:

a. A;T'Fe.<P>m(e) : T
then:
where:

Al e:dA”.N

mType(m, N) = <Y< B>U — U

A;NEe:dAR

AFPoOK

A A AT <: [T/Y]B

A A" AFTD.R<: [T/YIU
ARy [T/YIU<:T

Proof by structural induction on the derivation of A; ' - e.<P>m(@) : T with a
case analysis on the last step:

Case 1 (T-INVK)

1. T=l, 5 [T/Y]U by def T-INVK

2 A;T'Fe:3A” N

3 mType(m, N) = <Y<IB>U — U

4 A;T'Fe:dAR

5.  match(sift(R,U,Y),P,Y,T) by premises T-INVK
6 AP oOK

7. AN AFT<: [T/Y]B

8. A A" AF3I0.R<: [T/YIU

9 done by 2, 3, 4,

5,6, 7, 8, 1, reflerivity

Case 2 (T-SuUBS)

1. A;I'e.<P>m(e):U
2. AFU<T by premises T-SUBS
3. AFTOK

4 A;T'Fe:3A” N

5. mType(m, N) =<Y<IB>U— U
6. A;I'Fe:dA.R
7
8
9

AP oK by 1, ind hyp
. AA"ART<: [T/Y]B
10. A, A", AF30.R<: [T/YIU
1].. AFU/A”,Z [T/iY]U <:U
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12. ARy, 5 [T/YIU<:T by 11, 2, S-TRANS
13. done by4,5,6,7, 8,9, 10, 12

O

Lemma 36 (Inversion Lemma (null)).

If:

a. A;Fnoull: T
then:

AU oK

AU <:T

Proof by structural induction on the derivation of A; ' null : T with a case
analysis on the last step:

Case 1 (T-NULL)

1. AFRU oK by premise T-NULL
2. done by 1, reflexivity

Case 2 (T-SuUBS)

1. A;rFnull: U’

2. ARU <:T by premises T-SUBS
3. AFTOK
4. AFU OK )
5. AFU<U } by 1, ind hyp
6. AFU<:T by 5, 2, S-TRANS
7. done by 4, 6
O

Lemma 37 (Inversion Lemma (cast)).

1If:
a. AT (The: T
then:
ATFe: U
AT < U
AFT oK
AT < T

Proof by structural induction on the derivation of A; ' (T)e : T with a case
analysis on the last step:
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Case 1 (T-CasT)

1. T'=T by def T-CAST

2. ATI'be:U

3. ART<:U by premises T-CAST
4. AFT oK

5. done by 1, 2, 3, 4, reflexivity

Case 2 (T-SuUBS)

AT E (Me:U!
AU < T by premises T-SUBS
AFT ok

A;TTFe:U
AT < U
AT oK
AT < U’
AT < T by 7, 2, S-TRANS
done by4,5,6,8

by 1, ind hyp

X NSk W

Lemma 38 (Subclassing gives extended subclassing).

If:

a. FR T:R
then:

AFJA' R £ AR

Proof by structural induction on the derivation of = R’ IC: R with a case analysis
on the last step:

Case 1 (SC-REFLEX)

1. R =R by def SC-REFLEX
2. AR3JA R C:3JA R by 1, XS-REFLEX

Case 2 (SC-SuB-CLASS)

1. R =C<T>

2. R— [T/XIN } by def SC-SUB-CLASS
3. class C<X...> <N ... by premise SC-SUB-CLASS
4. AF3IA R C:3A R by 1, 2, 3, XS-SuB-CLASS

Case 3 (SC-TRANS)
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kb

Lemma 39 (Extended subclassing gives

If:
a.
b.
then:

FR T—:R”
FR'@T:R
AF3JA R C: JA R
AFIJA R C: AR
AF3JA" R C: AR

AR 3A R C: IX—[B; B,].R
AF OK

there exists T

where:

R T: [T/XIR

A A FT<: [T/X]B,
A A [T/XIB <: T
fu(T) C dom(A, A")

} by premises SC-TRANS
by 1, ind hyp

by 2, ind hyp

by 3, 4, XS-TRANS

O

subclassing).

Proof by structural induction on the derivation of A+ 3A".R' C: 3X—[B; B,].R
with a case analysis on the last step:

Case 1 (XS-REFLEX)

Easy, using SC-REFLEX, T = X and S-BOUND.

Case 2 (XS-TRANS)

© P NS0 b

-
- O

[
d

e
Ll

AF3JA R C:B
AFBC: 3X—I[B; B,].R
B=3X—[B] B,].R"
wlog assume X' are fresh
there exists U’

FR T [U/XIR

AN U <: [U/XB,
A A [U/X]B < U
fo(U) C dom(A, A"
there exists U

FR” m: [U/XIR

A X —I[B] B,] U <: [U/X]B,

A, X' —[B] B,]1+ [U/X]B] <:U
fv(U) C dom(A), %
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} by premises XS-TRANS

by 1 gives B #L
by 3, Barendregt

by 1, 3, b, ind hyp

by 2, 3, b, ind hyp




15.
16.
17.
18.
19.
20.
21.
22,
23.
24.

25.
26.

- [U/XIR T [U/X'] [U/XIR
FR m: [U'/X'][U/XIR

FR T [mm

A, A" X —(B] B,]+U<: [U/XIB,
A, A X S8 B,] F [U/X]B; <:U

A, A"+ [U/X'1U <: [U/X']1 [U/X]IB,

A, A+ [U7X1U <: [[U/X1U/X]B,
A, A [U/X] [U/X1B; <: [U/X']U
A, A F [[U/X1U/X1B, <: [U/X'TU
fo([U'/X'1U) C dom(A, A)

let T= [U'/X']U

done

Case 3 (XS-ENv)

EEOP®XN ook w b=

e

R=N
R = [U/XIN

A, AU <: [U/X]B,

A A [U/X]B; <: U

dom(A")N fv(3X—[B; B,].N) =10
fv(U) C dom(A, A

FN@DI:N

- [U/XIN : [U/X]IN
N T [U/XIN

let T=T

done

Case 4 (XS-SuB-CLASS)

S o

A =X—[B, B,]

R = C<U>

R = [U/YIN

class C<Y...><q N”...
- c<U> : [0/YIN

FR T:R
let T=X
done

Case 5 (XS-BoTTOM)

N/A

70

by 11, lemma 1

by 6, 15, SC-TRANS

by 16, 4

by 12, 4, lemma 8

by 13, 4, lemma 8

by 18, 7, 8, b, lemma 17
by 20, 4

by 19, 7, 8, b, lemma 17
by 22, 4

by 9, 14

by 25, 17, 21, 23, 24

} by def XS-ENv

by premises XS-ENV

by SC-REFLEX
by 7, lemma 1
by 8, 2

by 10, 9, 3, 4, 6

by def XS-SuB-CLASS

by premise XS-SUB-CLASS
by 4, SC-SUB-CLASS
by 5, 2, 3

by 6, 7, S-BounD, 1



Lemma 40 (Subclassing preserves matching (receiver)).

If:

o a0 T

then:

Proof

oW e

oo

10.
11.

12.
13.

14.
15.
16.

17.
18.
19.
20.
21.
22,
23.
24.

AR 3JA; Ny C: JA; Ny
mType(m,Ng) = <Yy — [By; Ba,]1>Us—Us
mType(m,N1) = <Y1 —[By; B1,]1>U1—U;

0F A ok
A, AT ok

FNy T [T/XN,
Ay =X—1[B; B,]
A A T < [T'/X]B,
A, A [T’/X]Bl < T

assume wlog XN Yz =)
assume wlog fu(T)NYy =)
mType(m, [T'/XINg) =

[T'/X1<Yy — [By; Ba,1>Us—U,

mType(m,Ni) = [T'/X1<Yy —[By B2, 1>Us—U,

Y1 =Yo

U, = [T/X1Us

let sift(R,Us,Y2) = (R”,3A.R)
Vi where P; # % : T; = P;

Vj where Pj =% : Yy, € fo(R))
FR' —: [T/Ys,T"/ZIR’

dom(A) =2

fo(To, T")NY2,Z2=10

- [T’/XEJ’ : [T'/X]1 [T/Y,,T"/Z]R’
XN fo®R") =0

FR’ o [T'/X]1 [T/Y,,T"/Z]R’

ZN fo(T) =0

FR” : LIT'/X1T/Yo, [T'/X1T" /2] [T'/XIR’
Vj where Pj = x : Yo; € fu([T'/XIR)

So([T'/XIT, [T'/X1T") N Y2, 2 =10
match((R”, [T'/X]3A.R'),P, Yy, [T'/X]T)
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by a, e, lemma 39

}byb

by b, lemma 6

by 1, 7, lemma 24
by 8

by 8

by d, def sift

by premises of match, d, 11

by 14, lemma 1
by Barendregt

by 17, 18

by 15, 11, Barendregt

by 19, 6, 20

by 13, 5

by 16,6,20

by 12, 22, 21, 15, 23, def match



25. sift(R, [T'/X]1Us,Y3) = (R, [T'/X]3A.R) by 11, 5, 6, lemma 3

26. sift(R,U1,Y;) = R, [T'/X]13A.R)) by 25, 9, 10
27. match(sift(R,Uy,Y1),P, Yy, [T'/XIT) by 24, 26, 9
28. match(sift(R,U1,Y1),P, Yy, T) by 27, £, 2, Barendregt

O

Lemma 41 (Subclassing preserves matching (arguments)).

If:

a. AFdA;.R; C: dA5.Ry
b. match(sift(Re,U,Y),P,Y,T)
c. foU)NZ=10
d. A, =Z—I[B; B,]
e. 0+ A ok
f. Al E'Al .R; OK
g. AP OK
then:
there exists U
where:

A A FU < [U/Z]B,
A, A - [U/Z]1B < U
F Ry : [U'/Z]Ry

fo(U) € A4y
Proof
1. @ Sth@, ﬁ, ?) = <R7/2, E'Ag .R.3>
2. R} and R} are subsequences of Ry and Ry respectively B B
3. Take A} and A} to be the corresponding environments of R and R
e T WY /ol A o
4. Slft(Rl,U, Y,) = <R1, 3A]3.R3> by 1’ a, 2, 3! lemma 4
5.  AF3JA|.R| C: 3ALR)

6 there exists U’

7. bR [U/ZIR,

8 A A RV <: [U/Z]B, by a, e, lemma 39
9. AAF[U/Z]B <: U

10. fo(U') Cdom(A, Ay)

11. fv(3A3.R3)NZ =10 by c, def sift

12. fu(R3)NZ=10 by 11, Barendregt
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13.
14.

15.
16.
17.

18.
19.
20.

21.
22,

23.
24.
25.
26.
27.
28.
29.

30.
31.

Vi where P; #£ % : T; = P;

Vj where P; =% :Y; € fu(R3)
F Ry [T/Y,T'/X1Rs
dom(Asz) =X
fo(T,T)NY,X=0

- [U'/Z]Ry : [U/Z] [T/Y,T/X]Rs
- R, : [U/2) [T/Y, T /X]Rs
- R, [[U/Z1T/Y, [U/Z] T/ /X]Rs

A, A FRy OK
AF A 0K

0+ A A OK

A, AL F [U'/Z]1Ry OK

foU)NX=10

fo(UYNY =10

fo(U'/Z1T, U/Z1T)NY,X =0

Vi where P; # *: [U'/Z]T; = [U'/Z]P, = P;
match((R},3As .R3),P, ¥, [U/Z]T)

done

Lemma 42 (Method body is well typed).

If:

SR

then:

0+ A ok

AF C<T> 0K

mType(m, C<T>) =<Y<qU,>U— U
mBody(m, C<T>) = (%;e)

A Y—[L U,1;x:U,this:30.C<T>Fe:U

by b, 1, def match

by 15, lemma 1
by 7, 18, SC-TRANS
by 12, 19

} by f, def F-EXIST

by 22, e, lemma 12

by 7, £, e, lemma 22

by 16, Barendregt

by 10

by 17, 25, 26

by 14, g, d, Barendregt

by 28, 14, 20, 16, 27, def match
by 29, 4

by 30, 8, 9, 7, 10

O

Proof by induction on the derivation of mBody(m, C<T>) = (%;e) with a case
analysis on the last step:

Case 1 Base case

koW b

class C<X< T,> <« N ...M...
<Y< U>U m(U x) {return eg} € M

e=[T/X]eg
<Y< U, »>U—U = [T/X]1<Y < U >U U
letX =X,0,0,,0,
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} by premises mBody

by def mBody
by 1, 2, mType



N

10.

11.
12.

13.

14.
15.

16.
17.
18.

19.

letT =TU,7,7,, T

Fclass C<X<1 Uy> << N ...M... OK by 1, wf-prog

Xx—[Ll T,],0—~[0, T,1,0, —[L T,1,0, —=[L T, F<Y'aq U>T n(U x) {return ep} OK
by 7, def T-CLASS

Xx—[L 1,1,0~[0, T,],0, —[L T,],0, =[L T,1,Y —[L U,];x:U,this:C<X>F eq: U
by 8, def T-METHOD

Ax—[L T,1,0~[0, T,1,0, —[L T,],0; —[L T,],Y —[L U, ];x:U, this:C<X>F o : U
by 9,1, 2,
distinctness of formal variables, lemma 10

X—[Ll T1,1,0—~I[0, T,1,0, —[L T,1,0; —[L Thy &; YeST-MuTHOK

AXx—I[L T,],0—[0, T,],0, —[L T,]1,0; — [byTl1,HY distirictBpds @ formal variables,

lemma 9
AFT OK
AFT <: [T/X]1T, by b, def F-CLASS
VreT. A1, <7
[(T/X10, =1, by 5, 6
A+ [T/X10, <: 7 by 15, 16

AY S[L [T/X10,1;x: [T/X1V, this:30. [T/X1C<X> - [T/XTeq : [T/X1V
by 10, 13, 14, XS-BT1M™, 17, a, 12, 1,
distinctness of formal variables, lemma 21
A Y—I[L U,1;x:U, this:30.C<T>+e: U by 18, 4

Case 2 Inductive case

[

© XS N

class C<X<d T,> < N ...M... } by premises mBody

mgM
(%,e) = mBody(m, [T /X]1N) by def mBody
<Y< U, >U—U = mType(m, [T/X]IN) by 1, 2, mType

letX =X,0,0,,0,

letT =U,7,70, 7%

F class C<X< T,> << N ...M... OK by 1, wf-prog

X—[l T,],0—[0, T,],0, —[L T,1,0, =[L Thy 7 MK -CLASS

AXx—I[L T,1,0—~[0, T,1,0, —[L T,1,0, —[byTR]T; Mistnctness of formal variables,

lemma 9
AFT oK
AT <: [T/X1T, by b, def F-CLASS
VreT. Ab1, <7
[T/X10, =1, by 5, 6
AR [T/X10, <: 7 by 12, 13
AF [T/X1N oK by 9, a, 10, 11, XS-BTTM, 14, lemma 18
AY—[L U,l;x:U,this:30. [T/XINFe:UD by 3, 4, a, 15, ind hyp
AY—[L U, F30.c<T> <:30.[T/XIN by 1, SC-SuB-CLASS

AY—[L U,l;x:U,this:30.C<T>+ e : U by 16, 17, 15, lemma 26
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Lemma 43 (mType defined gives mBody defined).
1If:

a. mType(m, C<T>) defined
then:

mBody(m, C<T>) defined

Proof by case analaysis on the defintion of mType(m,C<T>)
Case 1 Base case

1. class C...{...M}

2 mch } by premises mType

3.  mBody(m,C<T>) defined by 1, 2, base case of def mBody

Case 2 Inductive case

1. class C...{...M}

- ) T
2. m¢M } by premises mType

3. mBody(m,C<T>) defined by 1, 2, ind case of def mBody

O

Lemma 44 (fType and fields related).

a. fType(£,C<T>) defined

b.  fields(C) =1
then:

fef
Proof by induction on the derivation of fType(f,N) with a case analysis on the
last step:

Case 1 (BASE CASE)

7 ™ £l
bl O 9 DT } by premises fType
3.  fields(C) = £/, fields(D) by def fType
4. fef by 2, 3

Case 2 (INDUCTIVE CASE)
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Y T T £/.
; ;1;185 C<X...> < D<U> {T £/;...} } by premises fType
3. fType(f,N) = fType(f,D< [T/X1U>) by def fType
4.  fields(C) = £', fields(D) by def fType
5. f € fields(D by 3, 4, ind hyp
6. fecf by 5, 4

Lemma 45 (Inversion lemma: locations).

1If:
a. AyHEC:T
then:
H() ={N;...}
AFI.N<:T

Proof by structural induction on the derivation of A;H = ¢ : T with a case
analysis on the last step:

Case 1 (T-VAR)
1. T=30.N by def T-VAR, H-T, b
2. done by 1, reflexivity

Case 2 (T-SuBs)

1. AHEW:U

2. AFU<:T } by premises of T-SUBS

3. H() = {N..) |
4. AFID.N<:U by 1, ind hyp
5. AFIN<T by 2, 4, S-TRANS

Lemma 46 (Generalisation of XS-ENV).

If:
a. A AFT<: [T/Z]B,
b. AAF[T/Z]B, <: T
c. fu(T) Cdom(A, A", A”)
d. dom(A")N fv(3A”,Z—[B; B,1, A" .N) =1
e. AF3A” A" .NOK

then:

A JA", A T/Z)A™ . [T/ZIN C: 3A”, Z— B, B,1, A" .N
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Proof by deduction

1. let Ag= A", A/, A"

2. et A = A 7B, B,1, A"

3. let A, =Y—I[B B,]

4. let X—(B] B/ = A"

5. let X —[B]” B/] =A"

6. XCY by 2, 3, 4

7. X C¥Y by2,3,5

8. X Cdom(Ay) by 1,4

9. X Cdom(Ap) by 1,5

10.  fo(T),X, X C dom(A, Ay) byc, 8,9

11. dom(Ap) N fo(3A;.N) =0 byd, 1, A" and A” bind in A, .N
12. A, AgFT<: [T/Z]B, by a, lemma 8, 1
13. A, Agk [T/Z]B; <: T by b, lemma 8, 1
14. Z ¢ fu(B/,B) by e, 4

15. Z ¢ fu(B/,B"”) by e,5

16. A, AgFX <: [T/Z1B! by S-BounD, 14
17. A, At [T/Z]1B) <: X by S-BOUND, 14
18. A, A X <: [T/Z]B! by S-BOUND, 15
19. A, At [T/Z21B)" <: X/ by S-BounD, 15
20. AF 3Ay. [T/ZINC: 3A;.N by 10, 11, 12, 13, 16, 17, XS-Exv
21. done by 20, 14, 15,1, 2

O

Lemma 47 (Close gives subtyping under appropriate substitutions).

If:
AFU<: [U/Z]B,
AF [U/Z]1B, <:U
fo(U) C dom(A)
A,Z—[B; B,] F T OK
At Z—[B; B,] OK

a0

then: L
AF /2T <57 T

Proof by structural induction on the derwation of lz=m 57 T with a case
analysis on the last step:

1. T=30.X
C 1 -
ase 2. X¢Z by def close
3. lmmeaT=0X
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4. [U/Z]T=T by 2, 1

5. done by reflexivity, 4, 3, 1
1. T=30.X
C 2
%€ 2y x=— Z; by def close
8. l=meaT=l=m 5.7 Bu
4. W/zlt=v; by 1, 2
5. Ab [U/Z]T <: [U/Z]Byi by a, 4
6. A,Ze@ B,] F Byi OK by e, def F-ENV
7.  AF [U/Z1Byi <=, 5.7 Bul by a, b, c, 6, e, ind hyp
8. done by 5, 7, transitivity, 3
1. T=3A’.N
C 3 .
ase 3.’ Vs T= 258 BT, AN } by def close
3. AHlz=m 3T OK by d, e, lemma 30
4. AF3[U/Z]A’.[T/ZINC: 3Z—[B; B,]1,A”.N bya, b, c, 1, 3, lemma 46
5. Ak [U/Z]TC:3Z—[B; B,1,A.N by 4, 1
6. done by 5, 2, S-SC

Lemma 48 (Reduction preserves heap judgements).
If:

a. AHEe: T

b. e H~ e H
then:

A;H' Fe: T

Proof by structural induction on the derivation of ’; H ~ €”;H' with a case
analysis on the last step:

Case 1 (R-FIELD, R-INVK, R-CaAsT, R-CAsT-NULL, R-BAD-CAsT, *-NULL)

1. trivial

Case 2 (RC-%*)
1. easy, byindhyp
Case 3 (R-ASSIGN)

1. H() = {N; T=v[t; — ]}

2. H = H[L — {N; m[fl N ’U]H } by p?”emz'se Of R-ASSIGN
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_ = Is.
3. H—L—>C<T,T,L>L... by a, def H-T
4. A — [L T1;0:CT,T,/>Fe:T
5. AH'Fe:T by 2, 4, H-T

Case 4 (R-NEw)

1. easy, byweakening

Theorem (Subject Reduction).

If:
a. O;HFe:T
b. e;H~ e s H
C. FH oK
then:
e =err
or:
O;H' Fe T
FH ok

Proof by structural induction on the derivation of e;H ~ €';H' with a case
analysis on the last step:

Case 1 (R-NEW)

1. e=new C<7T, T, x> } by def R-NEW

2 e =1

3. ¢ dom(H)

4.  fields(C)=f£ by premises of R-NEwW

5. H =H,.— {C<T, T, 1> f—null}

6. HFT,T ok

7. HF3I0—[L 71.C<T, 7, 0> OK by 1, a, lemma 32

8 HFIO—-[L T1.Cc<T, T, 0><:T

9. HF+3I0—[L T]1.¢c<T, T, 0><:T by 8, 5, lemma 8

10. O;H'Fo:C<T, T, > by 5, H-T, T-VAR

11. HETOK by a, F-ENv-EMPTY, lemma 31
12. H' FTok by 11, 5, lemma 9

13. 0Nnfu(..)=0 by def intersection

14. fo(t) €D by def fv

15. H'buo<: T by 5, def H-S, S-BOUND

16. H'FC<T, T, 1> <:30—[L T1.¢c<T, T, 0>by13, 14, 15, XS-BrT™, XS-ENV, S-SC
17. H'FC<T, T, ><:T by 16, 9, S-TRANS

18. O:H' bFo:T by 10, 17, 12, T-SUBS
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19. HF0—I[L 7] oK
20. H,0—[L T1c<T, T, O>F

OK

Case analysis on C:

OK

OK

21.

22.
23.
24.
25.
26.
27.

Case 1 C# Object

1.1.
1.2.

1.3.
1.4.

1.5.
1.6.

1.7.

1.8.
1.9.

H,0—[L 7T17,7,0F
class CKX<1 7T ,> ...

H,0—[L T1+7T,7T,0<: [T, T, 0/X17,
(H,0—[L T1)(0)=[L 7°]

H' F 1 OK

H'()=[L 7]

H,o—[L TI-T,7T,.<: [T, T, «/X17,
H T, T, o< [T, T, /X1T,

H' +-C<T, T, 1> 0K

Case 2 C =0bject

2.1.

2.2,
2.3.

2.4.
2.5.
2.6.

T=0

H,0—[L T17,0+
(H,0—[L T1)(0) = [L T°]

H'F 1 OK
H()=I[L 71
H' F Object<T, 1> OK

H Fc<T, T, 1> 0K

let fType(f,C<T, T, 1>)=U
HEe— [L 7] oK

H' U ok

0;H' Fnull : U

FH' ok

done

Case 2 (R-FIELD)

R

e=1.1;
eI:Vi
H =H

H(e) = {4 F=v)
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by 7, def F-EXISTS

by 20, def F-CLASS

by 5, def H-F, F-VAR

by 5, def H-F

by 1.3, 6, renaming

by 1.7, 5, def H-S

by 6, lemma 8, 1.5, 1.6, 1.2, 1.8

by def syntax
} by 20, def F-OBJECT
by 5, def H-F, F-VAR

by 5, def H-F
by 6, lemma 8, 2.4, 2.5,

by by cases

by 7, def F-Exists, F-ENnv

by 22, 21, c, 23, def H-F, lemma 27
by 24, lemma 10, T-NULL

by 5, c, 7, 22, 25, def F-HEAP
by 18, 2, 26

by def R-FIELD

by premise of R-FIELD



5. O;HbE:IA N

6. fType(f,N)=T by 1, a, F-ENV-EMPTY, lemma 33
7. (Z) }_‘U'A’ T <:T

8. (F3ID.N<:3IA N by 4, 5, lemma 45

9. (0FToK by a, F-ENV-EMPTY, lemma 31

10. (F30.NC: 34N by 8, F-ENV-EMPTY, lemma 16

11. let A' = Z—[B, B,]
12. There exists Tg
13. FNT: [T,/Z]N

14. 0+ m by 10, F-Env-EMPTY, lemma 39
15. 0+ [T,/Z]1B; <: T,
16. fu(Ts) =10

17.  fType(£;,N) =U;

18. 0.H - v, U } by 4, c, def F-HEAP

19. U; = fType(£;, [T,/ZIN) by 13, 6, 17, lemma 23

20. U; = [T,/2] fType(£;,N') by 19, lemma 5

21. U, = [T./Z]T by 20, 6

22. (F3JA.N ok by 5, F-ENV-EMPTY, ¢, lemma 31
23. AT oK by 22, 6, F-ENv-EMPTY, lemma 27
24. O+ A ok by 22, def F-EXISTS

25. 0+ [T./Z1T <:u T by 14, 15, 16, 23, 11, 24, F-Exv-EMPTY, le
26. 0FU; <o T by 25, 21

27. 0FU;<:T by 26, 7, transitivity

28. O;HbEwv;:T by 18, 27, F-ENV-EMPTY, 9, T-SUBS
29. +FH ok by 3, c

30. done by 28, 2, 29

Case 3 (R-ASSIGN)

1. e=1.f, = v

9 o —v } by def R-ASSIGN

3. H() ={N;f-v} ‘

4 H = H] (N ES[E o v]}] by premises of R-ASSIGN

5. O;HE:JA N

6. fType(f;,N') =T

7. OHEvV:U by 1, a, F-ENV-EMPTY, lemma 3/
8. AU <U

9. QrU <T

10. O+ T ok by a, F-ENV-EMPTY, lemma 31
11. ;HEv:T by 7,9, 10, T-SUBS

12. O;H' Fv:T by 11, 4, def H-T
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13.
14.
15.

16.
17.
18.
19.
20.
21.

22,
23.

24.
25.
26.
27.
28.
29.

30.
31.
32.
33.
34.

0 FN ok

fType(£,N) =U
OGHFv:T

PF30.N <: AN
¢F30.NC:3A N

let A’ =Z—1[B; B,]
There exists Tq

FNT: [T,/ZIN

0+ T, <: [Ts/Z1B,

0+ [Ts/Z1B; <: Ty
Jo(Ts) =10

U; = fType(£;, [Ts/Z] N/)
U; = [T,/Z] nype(fi,N’)
U; = [Ts/Z]U

0 F3A N ok

AN ok

0F A ok

AU oK
U,=0U
FH ok
done

Case 4 (R-INVK)

© PSR

e =1.<P>(7)
e’ = [T/Y, u/x, t/thisleq
H =H

H() = {v'}
H(u) = {V'}

mBody(m, C<T'>) = (%; eq)
mType(m, C<T'>) = <Y< B>U — U

O:HEFo:3A N -
mType(m, N) = <Y'< B'>U" — U"
GHEe:3AR
match(si ft(R,U",Y'),P, Y, T")
prPox
ALAFT < [T7/Y1B

AAF 3R < [T7/VIU

(Z) }_‘U’A/’Z [T”/Y/]UH <:T
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by 3, ¢, def F-HEAP

by 3, 5, lemma 45
by 34, F-ENv-EMPTY, lemma 16

by 17, F-Env-EMPTY, lemma 39

by 20, 6, 14, l[emma 23

by 24, lemma 5

by 25, 6

by 5, F-Env-EMPTY, lemma 31

} by 27, def F-EXISTS
by 6, 28, 29lemma 27
by 26, 30
by 15, 31

by 4, c, 13, 15, 14, 32, def F-HEAP
by 12, 2, 33

by def R-INVK

by premises R-INVK

by 1, a, lemma 35




17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.
30.
31.
32.
33.

34.
35.

36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

51.
52.

53.
54.
55.

F3A’.N oK
F30.N <:3A’.N
F N ok

F30.v <:3A.R
0+ ok
0F30.N C:3A'.N
0 FT ok
¢F3A.ROK
AR ok

AFT ok
match(sift(R,U,Y),P,Y,T")

0
0
0
0

there exists Nfresh © R = Nfresh
0F30.8C: 3A.R

let A’ =X, —[By Bgul

There exists Uy

FN T [U, /X IN

0 FU, <: [U./X,1B,

(Z) }_ [MJBM <: Um

fo(U;) =10

by 9, F-Exnv-EmpPTY, lemma 31
by 4, 9, lemma 45

by 4, def F-HEAP

by 5, 11, lemma 45

by 5, def F-HEAP

by 18, F-Env-EmMPTY, lemma 16
by a, F-Exv-EMPTY, lemma 31
by 11, F-ENv-EMPTY, lemma 31
by 24, def F-EXISTS

by 13, 12, 24, F-ENV-EMPTY, lemma 29

by 22, 10, 7, 12,
F-Env-EmpTY, 26, lemma 40
by 24, def F-VAR

by 20, 28, F-ENnv-EmMPTY, lemma 16

by 22, 30, F-Env-EmPTY, lemma 39

mType(m, [U,/X,1N) = [U,/X,1<Y'< B'>U"— U’by 10, lemma 6

mType(m, V') = [U,/X,1<Y <1 B'>U"— U”
<Y< B>U — U= [U,/X,1<Y'<1 B>U"— U"

?: !

U= [U,/X,]0"
U= [M]UN
B = [U,/X,]B’

Y—[L Bl U oK

let A =Xg —[Bg Bsyl
0+ 30.8 ok

There exists Ug

T = [U,/X,]T

0+ Us <: [Us/Xs1Bgy
0+ EMJBSZ <:Ug
FN o [U,/X,]R
fo(Us) =10

A" Y —[L B']FU" ok
ALY —[L B1FU" ok
A" Y —[L Bl FB ok
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by 32, 36, lemma 24
by 37, 7

by 38

by 27, 39

by 7, F-Env-EmMPTY, 19, lemma 28

by 21, F-Env-EmpPTY, F-EXISTS

by 29, 43, 8, 44, 45,

by 10, 17, F-Env-EmMPTY, lemma 28

F-Env-EmpTY, 46, 13, lemma 41



56.

57.
58.
59.

60.
61.

62.

63.
64.
65.
66.
67.
68.
69.
70.
71.
72.

73.
74.
75.
76.

e
78.
79.

80.
81.
82.
83.
84.
85.
86.
87.

88.
89.
90.
91.
92.

A'F [U,/K,1T" <: [U,/X,1 [T"/Y18
A b [0,/%1T" <: [[0./%,1T"/Y 1B
AT <: [T/Y1B

0F [U,/X,1T <: [U,/X,] [T/Y]B
p+T<: [T/Y][U,/%,18

0FT<: [T/Y]B

A’ 30. [U,/%,1R <: [U,/X,1 [T7/Y 10"
A’k 30, [0./%.1R <: [[0,/%,1T"/Y1U
A+ 3). [U,/%,]R <: [T/Y]U0"

0+ 30. [U,/%,] [U./X.1R <: [U,/X,] [T/Y1U"

0+ 30. [U,/%,1 [U,/X,]R <: [T/Y] [U,/%,10"
0+ 30. [U,/%,] [U/X]R <: [T/Y]U
0+ 30.% C: 30. [U,/X,1R

0F30. U, /X, 1V C: 30. [U,/X,] [U,/X,1R
O+ 30.[U,/X,IN <: [T/Y]U
0F30.W <: [T/Y]U

let U, = [T"/Y10"

let U, = [Us/Xs1([[Us/X]1U,/X,1U,)
0+ A ok

0+ A ok

fo(Bat, fv(Bru, fV(Bst, fv(Bou) = )

0+ U,) < [Us/X,1([[Us/Xs1U, /X 1By,
O+ [U,/X1([[Us/X1U, /X, 1By <: U,
0 FU, <: [U,/X,1([[U,/Xs]U,/X;]1Bgy
0 [Us/Xs1([[Us/Xs]U,/X;]1Bg <: U
Jfu([Us/Xs1U,,Ug) C dom(A)

0F A A oK

AVAY —[L B1HU" ok

AART oK

A AF U, OK

0Fu, <:l}A/7Z U,

b [Ua/%,,Us/X U, <:l 5 7 Ue

0F [U,/%,] [0,/%,1 [T7/Y10 <: T

0F [Us/X ] [T"/Y']U <: T

OF [T/Y][U,/X,]JU<: T

fv(U”) C Y/,E

fou)y Y
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by 14, 49, 50, 52, lemma 17
by 56, 55

by 57, 48, 39

by 58, 33, 34, 35, lemma 17
by 59, 23, 7, 30, lemma 14
by 60, 42

by 15, 49, 50, 52, lemma 17
by 57, 54

by 63, 48, 39

by 64, 33, 34, 35, lemma 17
by 65, 23, 7, 30, lemma 14
by 66, 40

by 51, lemma 38

by 68, 33, 34, 35, lemma 17
by 67, 69, XS-TRrRANS, S-SC
by 70, 21

by 17, F-EXISTS

by 24, F-EXIsTS

by 74, 75

by 33, 35, 76

by 34, 35, 76

by 49, 52, 76

by 50, 52, 76

by 52, 35

by 74, 75, 16 gives A’ and A are disjoint

by 53, lemma 9

by 26, lemma 9

by 72, 83, 84, 14, SC-BoTTOM, 82, lemma .
by 73, 77, 78, 79, 80, 81, 85, 82, lemma 47
by 86, def subst, 73

by 87, 72, 73, 16, transitivity

by 88, 41, 26

by 89, 48, 39

by 53

by 91, 41, 44, 39



93.
94.
95.

96.

97.

98.
99.

100.

101.

102.

103.
104.

OF [T/YIU<:T
Y—[L Bl;x:U,this:C<T'>F ey : U
0 FT ok

0:x: [T/Y]U, this: [T/Y]C<T/>
[T/Ylep : [T/Y1U

0;x: [T/Y1U, this:N' F [T/Yleg : [T/YIU

O;H o308

G:H e 30N
0+ [T/Y1U oK

0:H & [T/Y, u/x, t/thisle: [T/YIU

0;H - [T/Y, o/x, v/thisley: T
FH ok

done

Case 5 (R-CaAsT)

Sk W

e=(T").
e =

H =H

H(e) ={N;...}
0N < T

OHEL:U
=T <:U
0FT ok
0V-T <:T

O;HEFL:N
0FToOK
D-N<:T
OHEL:T
O:HEe:T
FH ok
done

Case 6 (R-CAST-NULL)

1.
2.
3.

e = (1T’)null
e’ =null
H =H
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by 90, 92

by F-Env-EmPTY, 19, 6, 7, lemma 42
by 13, 46, F-EXIST,

F-Env-EmpTY, 8, lemma 29

by 94, 61, XS-BtT™, F-ENV-EMPTY
95, lemma 21

by 96, 19

by 4, H-T, T-VAR

by 5, H-T, T-VAR

by 44, 95, F-Env-EMPTY, XS-BTTM,
61, lemma 18

by 97, 98, 99, 19,

100, 71, lemma 25

by 101, 93, F-Env-EmpPTY, T-SUBS
by 3, c

by 102, 2, 103

by def R-CAST

} by premise of R-CAST

by 1, a, lemma 37

by 5, H-T, T-VAR

by a, c, lemma 31

by 5, 9, S-TRANS

by 10, 12, 11, T-SuUBS
by 13, 2

by 3, c

by 14, 15

by def R-CAST



4. (PFToK by a, c, lemma 31
5. (0;HbFnull:T by 4, T-NULL

6. O;HEe:T by 5, 2

7. FH oK by 3, ¢

8. done by 6, 7

Case 7 (RC-FIELD)

;' z/:_eerl.ff by def RC-FIELD

. /. !
i. :7’;:;;:“ " by premise RC-FIELD
5. (O;HbFe,.:3A,.N

1 F-Env-E
6. 0Fla, fType(f,N) <:T by 1, a, NV-EMPTY, lemma 33

7. O;HEe.:3A,.N .

8. LM ox } by 3, 5, ind hyp

9. O;HEel.f:ya, fType(f,N) by 7, T-FIELD

10. 0FToxk by a, c, lemma 31

11. O;HFEel . £:T by 9, 6, 10, T-SUBS
12. done by 11, lemma 48, 2, 8

Case 8 (RC-ASSIGN-1)

1. e=e;.f = ¢

2. o =e\.f = e, } by def RC-ASSIGN-1
3. e H~esH by premise RC-ASSIGN-1
4. (O;HF e :3A'.N

5.  fType(£f,N)=1U

6. O;HEFey:U by 1, a, F-ENV-EMPTY, lemma 34
7. ARU<U

8. (rRU<T

9. 0OyHFEej:3A.N .

10. +H ok } by 3, 4, ind hyp

11. O;HEe).f =e,: U by 9, 5, 6, 7, T-ASSIGN
12. 0FTox by a, c, lemma 31

13. O;HEe).f =e,:T by 11, 8, 12, T-SuBS
14. done by 13, lemma 48, 2, 10

Case 9 (RC-ASSIGN-2)

86



PSR W e

11.
12.
13.
14.

Case 10

b=

12.
13.
14.
15.
16.
17.

Case 11

Ll ol

eo; H~ ey H
O;HFe:3A".N
fType(£,N) =U
O:HFey: U
AFU < U
DU <:T

0;HEehy:3AN
FH' ok
GiHE.f = ey: U
0DFT oK
G;HE.f = e5:T
done

(RC-INVK-RECV)

e =e,. <§>m (é)
e’ = el .<P>m(e)

er; H~ el H
O;HFe,:3A".N
mType(m, N) = <Y< B>U — U

O:HFe:3A.R

) +P ok

A" AL T<: [T/YIB
A" A 30.R <: [T/Y1U
0y 5 [T/Y10 <: T

0:HF el :3A”.N

FH' ok

0;H el .<P>m(®) | 4,z [T/YIU
0 FToOK '
0;HEel..<P>m(e) : T

done

(RC-INVK-ARG)

e =e,.<P>m(e)
e =e,.<P>m(e)

— /
=...e;...

(D‘(‘D\
~
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} by def RC-ASSIGN-2

by premise RC-ASSIGN-2

by 1, a, F-ENvV-EMPTY, lemma &4

} by 3, 4, ind hyp

by 4,5,9, 7, T-ASSIGN
by a, c, lemma 31

by 11, 8, 12, T-SuBs
by 13, lemma 48, 2, 10

} by def RC-INVK-RECV

by premise RC-INVK-RECV

by 1, a, F-Env-EMPTY, lemma 35

} by 3, 4, ind hyp

by 12, 5,6, 7, 8,9, 10, T-INVK
by a, F-ENv-EMPTY, lemma 31
by 14, 11,15, T-SUBS

by 16, lemma 48, 2, 13

by def RC-INVK-ARG



14.
15.

16.
17.
18.
19.

Case 12

NS ok ® b=

8.
9.

10.
11.
12.
13.

Case 13
1.

e;; H~ elsH
0;HFe,:3A".N

mType(m, N) = <Y< B>U — U
0:HFe:3JA.R

0P ok

A A AFT<: [T/YIB
A A" A 3).R < [T/YIU
OF oz [T/YIUT

O;HEel:3A;.R;

FH' ok

0;H F e, .<P>m(e)) i 5,z [T/YIU
0 FT ok

0:HFe..<P>m(e’) : T

done

(RC-CasT)

e=(T")eo

e’ = (T")e

eo; H~ e H'
H;(Z)}_EQ U
HET <:U
HET oK
HET <:T
O;H Fey:U
FH' ok
OyHE (T)ey : T
0 FT oK

O;HE (T)el: T
done

(*-NuLL, *-ERR, R-BAD-CAST)

trivial

Theorem (Progress).
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by premise RC-INVK-ARG

by 1, a, F-ENV-EMPTY, lemma 35

} by 5, 8, ind hyp

by 6, 7,8, 14,9, 10, 11, 12, T-INVK
by a, F-Exv-EMPTY, lemma 31

by 16, 13, 17, T-SuBS

by 18, lemma 48, 2, 15

} by def RC-CAsT

by premise RC-CAST

by 1, a, F-ENV-EMPTY, lemma 37

} by 3, 4, ind hyp

by 8, 5, 6, T-CAsT

by a, F-Exv-EMPTY, lemma 31
by 10, 7,11, T-SuBs

by 12, lemma 48, 2, 9



1If:
a. O;HFe:T
b. FH oK
then:

there exists e and H' such that e;H ~» e'; H’

or:
there exists v such that e = v

Proof by structural induction on the derivation of O;H + e : T with a case

analysis on the last step:

Case 1 (T-VAR)

1. e=y

2. T=H(>)

3. e=.

4. donebye=v

Case 2 (T-NEw)
1. e=new C<T, 7,, * >
2. done

Case 3 (T-FIELD)

e=¢,.f
0:HFe,:3A.N
Ja fType(f,N) =T

L

Case analysis on e;:
Case 1 e,;H~el; H

1.1. done

Case 2 there exists v, where e, = v,

2.1. if v, =null done by R — Field — Null

2.2. letv, =1

2.3. H(t) = {C<T>; f—v}
2.4. 0F30.c<T> <: 3A.N
2.5. fields(C) =1

2.6. OF30.c<T>C:3A.N
2.7. there exists U

2.8. dom(A) =12

2.9. F C<T> : [U/ZIN
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} by def T-VAR

by 1, 2, def H-T
by 3

by def T-NEW
by RC-NEw

by def T-FI1ELD

} by premises T-FIELD

eq;H~»elsH or there exists v, where e, = v.by 2, ind hyp

by RC-FIELD or RC-FIELD-ERR

by syntazx of v

by 2, 2.2, def H-T

by 2.3, 2, lemma 45

by b, def F-HEAP

by 2.4, F-Exv-EMPTY, lemma 16

by 2.6, F-Exv-EMPTY, lemma 39



2.10. fType(£f, [U/ZIN) = [U/Z] fType(£,N) by lemma 5

2.11. fType(£f,C<T>) = [U/Z] fType(£,N) by 2.10, 2.9, lemma 23
2.12.fef by 2.5, 2.11, 3, lemma 44
2.13.done by 2.2, 2.3, 2.12, R-FI1ELD

Case 4 (T-ASSIGN)

1. e=e.f = e by def T-FIELD
2. O;HEep:3AN
3. fType(f,N)=U )
’ T-A
4. 0:HFey:T by premises SSIGN
5. 0FT<:U
6. e1;H~ el;H or there exists v where e; =v by 2, ind hyp
7. ey;H ~» e H' or there exists v where e =v by 4, ind hyp

Case analysis on eq, es:
Case 1 e;;H~ el;H', eas H~ ey H
1.1. done by RC-AssigN-1 or RC-AssiGN-1-ERR

Case 2 e;H ~> e); H', there exists v where eq = v

2.1. done by RC-AssiagN-1 or RC-ASsIGN-1-ERR

Case 3 there exists v where e; = v, eg; H ~ eh;H'

3.1. done by RC-ASSIGN-2 or RC-ASSIGN-2-ERR

Case 4 there exists v where ey = v, there exvists v/ where es = v/

4.1. if v=null done by R — Assign — Null

4.2. letv=1 by syntaz of v

4.3. H() = {C<T>; f—v} by 2, 4.2, def H-T

4.4. 0F30.C<T> <: JA.N by 4.3, 2, lemma 45

4.5. fields(C)=f£ by b, def F-HEAP

4.6. OF30.c<T>C:3A.N by 4.4, F-ENV-EMPTY, lemma 16
4.7. there exists U

4.8. dom(A)=12 by 4.6, F-ENV-EMPTY, lemma 39
4.9. + C<T> : [U/ZIN

4.10. fType(£f, [U/ZIN) = [U/Z] fType(£,N) by lemma 5

4.11. fType(£,C<T>) = [U/Z] fType(£,N) by 4.10, 4.9, lemma 23
4.12.fcf by 4.5, 4.11, 3, lemma 44
4.13.done by 4.2, 4.3, 4.12, R-ASSIGN
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Case 5 (T-SuBs)

1.
2.

DyHEe:U by premise of T-SUBS
done by 1, b, ind hyp

Case 6 (T-INVK)

Vi

1. e=e¢e,.<P>m(®) by def T-INVK
2. (O;HFe.:3A’.N
3. O;HFe:3JA.R
4.  mType(m,N) = <Y< T,>U—U by premises T-INVK
5.  match(sift(R,U,Y),P,Y,T)
6. 0FPox
7. e H~ elH or (there exists v, with e, =v,) by 2, ind hyp
8. Ve, €e: (there exists v; with e; =v;) or (there exists e; €8: e;; H~ el;H')
3, ind hyp
9. (OF3IA.NOK by 2, F-ENV-EMPTY, lemma 31
Case analysis on e,,e:
Case 1 e,;H~el; H
1.1. done by RC-Inv-RECV or RC-INV-RECV-ERR

Case 2 there exists e; € € where e;; H ~ el; H’

2.1. done by RC-INV-ARG or RC-INV-ARG-ERR

Case 3 there exists v, where e, = v, and Ve; € €: Iv; where e; =

3.1. if v, =null done by R — Invk — Null
3.2. letv, =1

3.3. letv, =1

3.4. H() ={N;f-v} by 2, 3.2, def H-T

3.5. H() ={N;f—-v} by 3, 3.3, def H-T

3.6. OF30.N <:3A.N by 3.3, 3, lemma 45

3.7. DN oK by b, def F-HEAP

3.8. O+-3).N C:3A'.N by 3.6, F-ENvV-EMPTY, lemma 16

3.9. let A' =Z—1[B; Byl
3.10. F N : [U/ZIN
3.11. 0+ U <: [U'/Z]B,
3.12. 0+ [U/21B, <: U
3.13. fo(U') C dom(AQ)

by 3.8, 3.9, lemma 39
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3.14.mType(m, [U'/Z]IN) = [U'/Z]1<Y< T, >U—U
3.15. mType(m,N') = [U/2]<¥< T,>U—U
3.16.mBody(m,N’') defined

3.17.0 - JA.R oK

3.18. A+ T oK

3.19.match(sift(R, [U'/Z]U,Y),P,Y,T)

g B

3.20. 0N oK
3.21. §F3P.N <:3A.R

3.22.3Nf,«65h such that R = Ntresh
3.23.0 - 30.N C: 3A.R

3.24.0 + 30.N oK

3.25.let Xs —[Bg Bsyl = A

3.26.wlog assume X are fresh

3.27. match(sift(N, [U'/2]U,Y),P,¥, [U,/X,1T)
3.28. 01U, <: [U,/X,1B,

3.29. 0+ [U./X.]B, <: U,

3.30. N T [0./X.IR

3.31.done

Case 7 (T-CAsT)

A S

e:(T’)eO
O:HFey:U
HET <:U
HET oK

by 4, lemma 6

by 3.14, 3.10, lemma 24

by 3.15, lemma 43

by 3, F-Exv-EMpPTY, lemma 31

by 6, 3.17, F-ENv-EMPTY, 5, lemma 29
by 5, 3.15, 4, 3.8,

F-Env-EmpTyY, 3.18, lemma 40

} by 3.3, 3, lemma 32

by 3.17

by 3.21, 3.22,

F-Env-EmpTY, lemma 16

by 3.20, F-Exv-EmpTY, F-EXISTS

by 3.25, Barendregt

by 3.23, 3.19, 3.26, 3.25,
F-Env-EmpPTY, 3.24, 6, lemma 41

by 3.4, 3.5, 3.15, 3.16, 3.27, R-INVK

by def T-CAST

by premises T-INVK

eo; H ~ e(H' or (there exists vo with eqg = vo) by 2, ind hyp

done

Case 8 (T-NULL)

1.

easy
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by 5, and R-CAsT, R-CasT-NuLL, R-BAD-C

by syntazx of values

O



